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BRANE-WORLD GRAVITY
Roy Maartens
Institute of Cosmology & Gravitation, Portsmouth University, Portsmouth PO1 2EG, Britain
The observable universe could be a 1+3-surface (the “brane”) embedded in a 1+3+d-dimensional
spacetime (the “bulk”), with Standard Model particles and fields trapped on the brane while gravity
is free to access the bulk. At least one of the d extra spatial dimensions could be very large relative to
the Planck scale, which lowers the fundamental gravity scale, possibly even down to the electroweak
(∼TeV) level. This revolutionary picture arises in the framework of recent developments in M theory.
The 1+10-dimensional M theory encompasses the known 1+9-dimensional superstring theories, and
is widely considered to be a promising potential route to quantum gravity. General relativity cannot
describe gravity at high enough energies and must be replaced by a quantum gravity theory, picking
up significant corrections as the fundamental energy scale is approached. At low energies, gravity
is localized at the brane and general relativity is recovered, but at high energies gravity “leaks”
into the bulk, behaving in a truly higher-dimensional way. This introduces significant changes to
gravitational dynamics and perturbations, with interesting and potentially testable implications for
high-energy astrophysics, black holes and cosmology. Brane-world models offer a phenomenological
way to test some of the novel predictions and corrections to general relativity that are implied by
M theory. This review discusses the geometry, dynamics and perturbations of simple brane-world
models for cosmology and astrophysics, mainly focusing on warped 5-dimensional brane-worlds based
on the Randall-Sundrum models.
I. INTRODUCTION
At high enough energies, Einstein’s theory of general relativity breaks down, and will be superceded by a quantum
gravity theory. The classical singularities predicted by general relativity in gravitational collapse and in the hot big
bang will be removed by quantum gravity. But even below the fundamental energy scale that marks the transition to
quantum gravity, significant corrections to general relativity will arise. These corrections could have a major impact
on the behaviour of gravitational collapse, black holes and the early universe, and they could leave a trace–a “smoking
gun”–in various observations and experiments. Thus it is important to estimate these corrections and develop tests for
detecting them or ruling them out. In this way, quantum gravity can begin to be subject to testing by astrophysical
and cosmological observations.
Developing a quantum theory of gravity and a unified theory of all the forces and particles of nature are the two main
goals of current work in fundamental physics. There is as yet no generally accepted (pre-)quantum gravity theory.
Two of the main contenders are M theory [1] and quantum geometry (loop quantum gravity) [2]. It is important to
explore the astrophysical and cosmological predictions of both these approaches. This review considers only models
that arise within the framework of M theory, and mainly the 5-dimensional warped brane-worlds.
A. Heuristics of higher-dimensional gravity
One of the fundamental aspects of string theory is the need for extra spatial dimensions. This revives the original
higher-dimensional ideas of Kaluza and Klein in the 1920’s, but in a new context of quantum gravity. An important
consequence of extra dimensions is that the 4-dimensional Planck scale Mp ≡M4 is no longer the fundamental scale,
which isM4+d, where d is the number of extra dimensions. This can be seen from the modification of the gravitational
potential. For an Einstein-Hilbert gravitational action we have,
Sgravity =
1
2κ24+d
∫
d4xddy
√
−(4+d)g
[
(4+d)R− 2Λ4+d
]
, (1.1)
(4+d)GAB ≡(4+d)RAB − 1
2
(4+d)R (4+d)gAB = −Λ4+d(4+d)gAB + κ24+d (4+d)TAB , (1.2)
where XA = (xµ, y1, · · · , yd) and κ24+d is the gravitational coupling constant,
κ24+d = 8πG4+d =
8π
M2+d4+d
. (1.3)
2The static weak field limit of the field equations leads to the 4 + d-dimensional Poisson equation, whose solution is
the gravitational potential,
V (r) ∝ κ
2
4+d
r1+d
. (1.4)
If the length scale of the extra dimensions is L, then on scales r . L, the potential is 4+ d-dimensional, V ∼ r−(1+d).
By contrast, on scales large relative to L, where the extra dimensions do not contribute to variations in the potential,
V behaves like a 4-dimensional potential, i.e., r ∼ L in the d extra dimensions, and V ∼ L−dr−1. This means that
the usual Planck scale becomes an effective coupling constant, describing gravity on scales much larger than the extra
dimensions, and related to the fundamental scale via the volume of the extra dimensions:
M2p ∼M2+d4+d Ld . (1.5)
If the extra-dimensional volume is Planck scale, i.e. L ∼M−1p , thenM4+d ∼Mp. But if the extra-dimensional volume
is significantly above Planck-scale, then the true fundamental scale M4+d can be much less than the effective scale
Mp ∼ 1019 GeV. In this case, we understand the weakness of gravity as due to the fact that it “spreads” into extra
dimensions and only a part of it is felt in 4 dimensions.
A lower limit on M4+d is given by null results in table-top experiments to test for deviations from Newton’s law in
4 dimensions, V ∝ r−1. These experiments currently [3] probe sub-millimetre scales, so that
L . 10−1 mm ∼ (10−15 TeV)−1 ⇒ M4+d & 10(32−15d)/(d+2) TeV . (1.6)
Stronger bounds for brane-worlds with compact flat extra dimensions can be derived from null results in particle
accelerators and in high-energy astrophysics [4, 5, 6].
B. Brane-worlds and M theory
String theory thus incorporates the possibility that the fundamental scale is much less than the Planck scale felt
in 4 dimensions. There are five distinct 1+9-dimensional superstring theories, all giving quantum theories of gravity.
Discoveries in the mid-90s of duality transformations that relate these superstring theories and the 1+10-dimensional
supergravity theory, led to the conjecture that all of these theories arise as different limits of a single theory, which
has come to be known as M theory. The 11th dimension in M theory is related to the string coupling strength; the
size of this dimension grows as the coupling becomes strong. At low energies, M theory can be approximated by
1+10-dimensional supergravity.
It was also discovered that p-branes, which are extended objects of higher dimension than strings (1-branes), play
a fundamental role in the theory. In the weak coupling limit, p-branes (p > 1) become infinitely heavy, so that they
do not appear in the perturbative theory. Of particular importance among p-branes are the D-branes, on which open
strings can end. Roughly speaking, open strings, which describe the non-gravitational sector, are attached at their
endpoints to branes, while the closed strings of the gravitational sector can move freely in the bulk. Classically, this
is realised via the localization of matter and radiation fields on the brane, with gravity propagating in the bulk (see
Fig. 1).
In the Horava-Witten solution [7], gauge fields of the standard model are confined on two 1+9-branes located at
the end points of an S1/Z2 orbifold, i.e., a circle folded on itself across a diameter. The 6 extra dimensions on the
branes are compactified on a very small scale, close to the fundamental scale, and their effect on the dynamics is felt
through “moduli” fields, i.e. 5D scalar fields. A 5D realization of the Horava-Witten theory and the corresponding
brane-world cosmology is given in [8].
These solutions can be thought of as effectively 5-dimensional, with an extra dimension that can be large relative to
the fundamental scale. They provide the basis for the Randall-Sundrum 2-brane models of 5-dimensional gravity [9]
(see Fig. 2). The single-brane Randall-Sundrum models [10] with infinite extra dimension arise when the orbifold
radius tends to infinity. The RS models are not the only phenomenological realizations of M theory ideas. They were
preceded by the Arkani-Hamed-Dimopoulos-Dvali (ADD) [11] brane-world models, which put forward the idea that
a large volume for the compact extra dimensions would lower the fundamental Planck scale,
Mew ∼ 1 TeV .M4+d ≤Mp ∼ 1016 TeV , (1.7)
where Mew is the electroweak scale. If M4+d is close to the lower limit in Eq. (1.7), then this would address the
long-standing “hierarchy” problem, i.e. why there is such a large gap between Mew and Mp
3e−
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γ
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FIG. 1: Schematic of confinement of matter to the brane, while gravity propagates in the bulk (from [4]).
In the ADD models, more than one extra dimension is required for agreement with experiments, and there is
“democracy” amongst the equivalent extra dimensions, which are typically flat. By contrast, the RS models have
a “preferred” extra dimension, with other extra dimensions treated as ignorable (i.e., stabilized except at energies
near the fundamental scale). Furthermore, this extra dimension is curved or “warped” rather than flat: the bulk is a
portion of anti de Sitter (AdS5) spacetime. As in the Horava-Witten solutions, the RS branes are Z2-symmetric (mirror
symmetry), and have a tension, which serves to counter the influence of the negative bulk cosmological constant on
the brane. This also means that the self-gravity of the branes is incorporated in the RS models. The novel feature
of the RS models compared to previous higher-dimensional models is that the observable 3 dimensions are protected
from the large extra dimension (at low energies) by curvature rather than straightforward compactification.
The RS brane-worlds and their generalizations (to include matter on the brane, scalar fields in the bulk, etc.) provide
phenomenological models that reflect at least some of the features of M theory, and that bring exciting new geometric
and particle physics ideas into play. The RS2 models also provide a framework for exploring holographic ideas that
have emerged in M theory. Roughly speaking, holography suggests that higher-dimensional gravitational dynamics
may be determined from knowledge of the fields on a lower-dimensional boundary. The AdS/CFT correspondence
is an example, in which the classical dynamics of the higher-dimensional gravitational field are equivalent to the
quantum dynamics of a conformal field theory (CFT) on the boundary. The RS2 model with its AdS5 metric satisfies
this correspondence to lowest perturbative order [12] (see also [13] for the AdS/CFT correspondence in a cosmological
context).
In this review, I focus on RS brane-worlds (mainly RS 1-brane) and their generalizations, with the emphasis on
geometry and gravitational dynamics (see [14, 15, 16] for previous reviews with a broadly similar approach). Other
recent reviews focus on string-theory aspects, e.g. [17], or on particle physics aspects, e.g. [4, 18]. Before turning to a
more detailed analysis of RS brane-worlds, I discuss the notion of Kaluza-Klein (KK) modes of the graviton.
C. Heuristics of KK modes
The dilution of gravity via extra dimensions not only weakens gravity on the brane, it also extends the range of
graviton modes felt on the brane beyond the massless mode of 4-dimensional gravity. For simplicity, consider a flat
brane with one flat extra dimension, compactified through the identification y ↔ y + 2πnL, where n = 0, 1, 2, · · · .
The perturbative 5D graviton amplitude can be Fourier expanded as
f(xa, y) =
∑
n
einy/L fn(x
a) , (1.8)
where fn are the amplitudes of the KK modes, i.e. the effective 4D modes of the the 5D graviton. To see that these
KK modes are massive from the brane viewpoint, we start from the 5D wave equation that the massless 5D field f
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S  / Z1 2Λ
φ=0 φ= pi
V
−V
FIG. 2: The RS 2-brane model (from [5]).
satisfies (in a suitable gauge):
(5)f = 0 ⇒ f + ∂2yf = 0 . (1.9)
It follows that the KK modes satisfy a 4D Klein-Gordon equation with an effective 4D mass, mn,
fn = m
2
n fn , mn =
n
L
. (1.10)
The massless mode, f0, is the usual 4D graviton mode. But there is a tower of massive modes, L
−1, 2L−1, · · · ,
which imprint the effect of the 5D gravitational field on the 4D brane. Compactness of the extra dimension leads to
discreteness of the spectrum. For an infinite extra dimension, L→∞, the separation between the modes disappears
and the tower forms a continuous spectrum. In this case, the coupling of the KK modes to matter must be very weak
in order to avoid exciting the lightest massive modes with m & 0.
From a geometric viewpoint, the KK modes can also be understood via the fact that the projection of the null
graviton 5-momentum (5)pA onto the brane is timelike. If the unit normal to the brane is nA, then the induced metric
on the brane is
gAB =
(5)gAB − nAnB , (5)gABnAnB = 1 , gABnB = 0 , (1.11)
and the 5-momentum may be decomposed as
(5)pA = mnA + pA , pAn
A = 0 , m = (5)pA n
A , (1.12)
where pA = gAB
(5)pB is the projection along the brane, depending on the orientation of the 5-momentum relative to
the brane. The effective 4-momentum of the 5D graviton is thus pA. Expanding
(5)gAB
(5)pA (5)pB = 0, we find that
gABp
ApB = −m2 . (1.13)
It follows that the 5D graviton has an effective mass m on the brane. The usual 4D graviton corresponds to the zero
mode, m = 0, when (5)pA is tangent to the brane.
The extra dimensions lead to new scalar and vector degrees of freedom on the brane. In 5D, the spin-2 graviton is
represented by a metric perturbation (5)hAB that is transverse traceless:
(5)hAA = 0 = ∂B
(5)hA
B . (1.14)
5In a suitable gauge, (5)hAB contains a 3D transverse traceless perturbation hij , a 3D transverse vector perturbation
Σi and a scalar perturbation β, which each satisfy the 5D wave equation [19]:
(5)hAB −→ hij , Σi , β , (1.15)
hii = 0 = ∂jh
ij , ∂iΣ
i = 0 , (1.16)
(+ ∂2y)

 βΣi
hij

 = 0 . (1.17)
The other components of (5)hAB are determined via constraints once these wave equations are solved. The 5 degrees
of freedom (polarizations) in the 5D graviton are thus split into 2 (hij) + 2 (Σi) +1 (β) degrees of freedom in 4D. On
the brane, the 5D graviton field is felt as
• a 4D spin-2 graviton hij (2 polarizations)
• a 4D spin-1 gravi-vector (gravi-photon) Σi (2 polarizations)
• a 4D spin-0 gravi-scalar β.
The massive modes of the 5D graviton are represented via massive modes in all 3 of these fields on the brane. The
standard 4D graviton corresponds to the massless zero-mode of hij .
In the general case of d extra dimensions, the number of degrees of freedom in the graviton follows from the
irreducible tensor representations of the isometry group as 12 (d+ 1)(d+ 4).
II. RANDALL-SUNDRUM BRANE-WORLDS
RS brane-worlds do not rely on compactification to localize gravity at the brane, but on the curvature of the bulk
(sometimes called “warped compactification”). What prevents gravity from ‘leaking’ into the extra dimension at low
energies is a negative bulk cosmological constant,
Λ5 = − 6
ℓ2
= −6µ2, (2.1)
where ℓ is the curvature radius of AdS5 and µ is the corresponding energy scale. The curvature radius determines the
magnitude of the Riemann tensor:
(5)RABCD = − 1
ℓ2
[
(5)gAC
(5)gBD − (5)gAD (5)gBC
]
. (2.2)
The bulk cosmological constant acts to “squeeze” the gravitational field closer to the brane. We can see this clearly
in Gaussian normal coordinates XA = (xµ, y) based on the brane at y = 0, for which the AdS5 metric takes the form
(5)ds2 = e−2|y|/ℓηµνdx
µdxν + dy2 , (2.3)
with ηµν the Minkowski metric. The exponential warp factor reflects the confining role of the bulk cosmological
constant. The Z2-symmetry about the brane at y = 0 is incorporated via the |y| term. In the bulk, this metric is a
solution of the 5D Einstein equations,
(5)GAB = −Λ5 (5)gAB , (2.4)
i.e., (5)TAB = 0 in Eq. (1.2). The brane is a flat Minkowski spacetime, gAB(x
α, 0) = ηµνδ
µ
Aδ
ν
B, with self-gravity in
the form of brane tension. One can also use Poincare coordinates, which bring the metric into manifestly conformally
flat form:
(5)ds2 =
ℓ2
z2
[
ηµνdx
µdxν + dz2
]
, (2.5)
where z = ℓey/ℓ.
The two RS models are distinguished as follows:
6RS 2-BRANE:
There are two branes in this model [9], at y = 0 and y = L, with Z2-symmetry identifications
y ↔ −y , y + L↔ L− y . (2.6)
The branes have equal and opposite tensions, ±λ, where
λ =
3M2p
4πℓ2
. (2.7)
The positive-tension brane has fundamental scale M5 and is “hidden”. Standard model fields are confined on
the negative tension (or “visible”) brane. Because of the exponential warping factor, the effective scale on the
visible brane at y = L is Mp, where
M2p =M
3
5 ℓ
[
1− e−2L/ℓ
]
. (2.8)
So the RS 2-brane model gives a new approach to the hierarchy problem. Because of the finite separation
between the branes, the KK spectrum is discrete. Furthermore, at low energies gravity on the branes becomes
Brans-Dicke-like, with the sign of the Brans-Dicke parameter equal to the sign of the brane tension [20]. In order
to recover 4D general relativity at low energies, a mechanism is required to stabilize the inter-brane distance,
which corresponds to a scalar field degree of freedom known as the radion [21, 22].
RS 1-BRANE:
In this model [10], there is only one, positive tension, brane. It may be thought of as arising from sending the
negative tension brane off to infinity, L→∞. Then the energy scales are related via
M35 =
M2p
ℓ
. (2.9)
The infinite extra dimension makes a finite contribution to the 5D volume because of the warp factor:∫
d5X
√
− (5)g = 2
∫
d4x
∫ ∞
0
dye−4y/ℓ =
ℓ
2
∫
d4x . (2.10)
Thus the effective size of the extra dimension probed by the 5D graviton is ℓ.
I will concentrate mainly on RS 1-brane from now on, referring to RS 2-brane occasionally. The RS 1-brane
models are in some sense the most simple and geometrically appealing form of brane-world model, while at the same
time providing a framework for the AdS/CFT correspondence [12, 13]. The RS 2-brane models introduce the added
complication of radion stabilization, as well as possible complications arising from negative tension. However, they
remain important and will occasionally be discussed.
In RS 1-brane, the negative Λ5 is offset by the positive brane tension λ. The fine-tuning in Eq. (2.7) ensures
that there is zero effective cosmological constant on the brane, so that the brane has the induced geometry of
Minkowski spacetime. To see how gravity is localized at low energies, we consider the 5D graviton perturbations of
the metric [10, 20, 23]:
(5)gAB → (5)gAB + e−2|y|/ℓ (5)hAB , (5)hAy = 0 = (5)hµµ = (5)hµν,ν . (2.11)
(See Fig. 3.) This is the RS gauge, which is different from the gauge used in Eq. (1.15), but which also has no
remaining gauge freedom. The 5 polarizations of the 5D graviton are contained in the 5 independent components of
(5)hµν in the RS gauge.
We split the amplitude f of (5)hAB into 3D Fourier modes, and the linearized 5D Einstein equations lead to the
wave equation (y > 0)
f¨ + k2f = e−2y/ℓ
[
f ′′ − 4
ℓ
f ′
]
. (2.12)
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FIG. 3: Gravitational field of small point particle on the brane in RS gauge (from [20]).
Separability means we can write
f(t, y) =
∑
m
ϕm(t) fm(y) , (2.13)
and the wave equation reduces to
ϕ¨m + (m
2 + k2)ϕm = 0 , (2.14)
f ′′m −
4
ℓ
f ′m + e
2y/ℓm2fm = 0 . (2.15)
The zero mode solution is
ϕ0(t) = A0+e
+ikt +A0−e
−ikt , (2.16)
f0(y) = B0 + C0e
4y/ℓ , (2.17)
and the m > 0 solutions are
ϕm(t) = Am+ exp
(
+i
√
m2 + k2 t
)
+Am− exp
(
−i
√
m2 + k2 t
)
, (2.18)
fm(y) = e
2y/ℓ
[
BmJ2
(
mℓey/ℓ
)
+ CmY2
(
mℓey/ℓ
)]
. (2.19)
The boundary condition for the perturbations arises from the junction conditions, Eq. (3.19), discussed below,
and leads to f ′(t, 0) = 0, since the transverse traceless part of the perturbed energy-momentum tensor on the brane
vanishes. This implies
C0 = 0 , Cm = −J1(mℓ)
Y1(mℓ)
Bm . (2.20)
The zero mode is normalizable, since ∣∣∣∣
∫ ∞
0
B0e
−2y/ℓdy
∣∣∣∣ <∞ . (2.21)
8Its contribution to the gravitational potential V = 12
(5)h00 gives the 4D result, V ∝ r−1. The contribution of the
massive KK modes sums to a correction of the 4D potential. For r≪ ℓ, one obtains
V (r) ≈ GMℓ
r2
, (2.22)
which simply reflects the fact that the potential becomes truly 5D on small scales. For r ≫ ℓ,
V (r) ≈ GM
r
(
1 +
2ℓ2
3r2
)
, (2.23)
which gives the small correction to 4D gravity at low energies from extra-dimensional effects. These effects serve to
slightly strengthen the gravitational field, as expected.
Table-top tests of Newton’s laws currently find no deviations down to O(10−1 mm), so that ℓ . 0.1 mm in Eq. (2.23).
Then by Eqs. (2.7) and (2.9), this leads to lower limits on the brane tension and the fundamental scale of the RS
1-brane model:
λ > (1 TeV)4 , M5 > 10
5 TeV . (2.24)
These limits do not apply to the 2-brane case.
For the 1-brane model, the boundary condition, Eq. (2.20), admits a continuous spectrum m > 0 of KK modes. In
the 2-brane model, f ′(t, L) = 0 must hold in addition to Eq. (2.20). This leads to conditions on m, so that the KK
spectrum is discrete:
mn =
xn
ℓ
e−L/ℓ where Y1(mℓ)J1(xn) = J1(mℓ)Y1(xn) . (2.25)
The limit Eq. (2.24) indicates that there are no observable collider, i.e. O(TeV), signatures for the RS 1-brane model.
The 2-brane model by contrast, for suitable choice of L and ℓ so that m1 = O(TeV), does predict collider signatures
that are distinct from those of the ADD models [6].
III. COVARIANT APPROACH TO BRANE-WORLD GEOMETRY AND DYNAMICS
The RS models and the subsequent generalization from a Minkowski brane to a Friedmann-Robertson-Walker
(FRW) brane [24, 25, 26], were derived as solutions in particular coordinates of the 5D Einstein equations, together
with the junction conditions at the Z2-symmetric brane. A broader perspective, with useful insights into the inter-
play between 4D and 5D effects, can be obtained via the covariant Shiromizu-Maeda-Sasaki approach [27], in which
the brane and bulk metrics remain general. The basic idea is to use the Gauss-Codazzi equations to project the 5D
curvature along the brane. (The general formalism for relating the geometries of a spacetime and of hypersurfaces
within that spacetime is given in [28].)
The 5D field equations determine the 5D curvature tensor; in the bulk, they are
(5)GAB = −Λ5 (5)gAB + κ25 (5)TAB , (3.1)
where (5)TAB represents any 5D energy-momentum of the gravitational sector (e.g., dilaton and moduli scalar fields,
form fields).
Let y be a Gaussian normal coordinate orthogonal to the brane (which is at y = 0 without loss of generality), so
that nAdX
A = dy, with nA the unit normal. The 5D metric in terms of the induced metric on {y = const} surfaces
is locally given by
(5)gAB = gAB + nAnB ,
(5)ds2 = gµν(x
α, y)dxµdxν + dy2 . (3.2)
The extrinsic curvature of {y = const} surfaces describes the embedding of these surfaces. It can be defined via the
Lie derivative or via the covariant derivative:
KAB =
1
2
£n gAB = gA
C (5)∇CnB , (3.3)
so that
K[AB] = 0 = KABn
B , (3.4)
9where square brackets denote anti-symmetrization. The Gauss equation gives the 4D curvature tensor in terms of the
projection of the 5D curvature, with extrinsic curvature corrections:
RABCD =
(5)REFGH gA
EgB
F gC
GgD
H + 2KA[CKD]B , (3.5)
and the Codazzi equation determines the change of KAB along {y = const} via
∇BKBA −∇AK = (5)RBC gABnC , (3.6)
where K = KAA.
Some other useful projections of the 5D curvature are:
(5)REFGH gA
EgB
F gC
GnH = 2∇[AKB]C , (3.7)
(5)REFGH gA
EnF gB
GnH = −£nKAB +KACKCB , (3.8)
(5)RCD gA
CgB
D = RAB − £nKAB −KKAB + 2KACKCB . (3.9)
The 5D curvature tensor has Weyl (trace-free) and Ricci parts:
(5)RABCD =
(5)CACBD +
2
3
{
(5)gA[C
(5)RD]B − (5)gB[C (5)RD]A
}
− 1
6
(5)gA[C
(5)gD]B
(5)R . (3.10)
A. Field equations on the brane
Using Eqs. (3.1) and (3.5), it follows that
Gµν = −1
2
Λ5gµν +
2
3
κ25
[
(5)TABgµ
Agν
B +
{
(5)TABn
AnB − 1
4
(5)T
}
gµν
]
+KKµν −KµαKαν + 1
2
[
KαβKαβ −K2
]
gµν − Eµν , (3.11)
where (5)T = (5)TAA, and where
Eµν = (5)CACBD nCnDgµAgνB , (3.12)
is the projection of the bulk Weyl tensor orthogonal to nA. This tensor satisfies
EABnB = 0 = E[AB] = EAA , (3.13)
by virtue of the Weyl tensor symmetries. Evaluating Eq. (3.11) on the brane (strictly, as y → ±0, since EAB is not
defined on the brane [27]) will give the field equations on the brane.
First, we need to determine Kµν at the brane from the junction conditions. The total energy-momentum tensor on
the brane is
T braneµν = Tµν − λgµν , (3.14)
where Tµν is the energy-momentum tensor of particles and fields confined to the brane (so that TABn
B = 0). The 5D
field equations, including explicitly the contribution of the brane, are then
(5)GAB = −Λ5 (5)gAB + κ25
[
(5)TAB + T
brane
AB δ(y)
]
. (3.15)
Here the delta function enforces in the classical theory the string theory idea that Standard Model fields are confined
to the brane. This is not a gravitational confinement, since there is in general a nonzero acceleration of particles
normal to the brane [35].
Integrating Eq. (3.15) along the extra dimension from y = −ǫ to y = +ǫ, and taking the limit ǫ → 0, leads to the
Israel-Darmois junction conditions at the brane,
g+µν − g−µν = 0 , (3.16)
K+µν −K−µν = −κ25
[
T braneµν −
1
3
T branegµν
]
, (3.17)
10
where T brane = gµνT braneµν . The Z2 symmetry means that when you approach the brane from one side and go through
it, you emerge into a bulk that looks the same, but with the normal reversed, nA → −nA. Then Eq. (3.3) implies
that
K−µν = −K+µν , (3.18)
so that we can use the junction condition Eq. (3.17) to determine the extrinsic curvature on the brane:
Kµν = −1
2
κ25
[
Tµν +
1
3
(λ− T ) gµν
]
, (3.19)
where T = T µµ, we have dropped the (+) and we evaluate quantities on the brane by taking the limit y → +0.
Finally we arrive at the induced field equations on the brane, by substituting Eq. (3.19) into Eq. (3.11):
Gµν = −Λgµν + κ2Tµν + 6κ
2
λ
Sµν − Eµν + 4κ
2
λ
Fµν . (3.20)
The 4D gravitational constant is an effective coupling constant inherited from the fundamental coupling constant,
and the 4D cosmological constant is nonzero when the RS balance between the bulk cosmological constant and the
brane tension is broken:
κ2 ≡ κ24 =
1
6
λκ45 , (3.21)
Λ =
1
2
[
Λ5 + κ
2λ
]
, . (3.22)
The first correction term relative to Einstein’s theory is quadratic in the energy-momentum tensor, arising from
the extrinsic curvature terms in the projected Einstein tensor:
Sµν = 1
12
TTµν − 1
4
TµαT
α
ν +
1
24
gµν
[
3TαβT
αβ − T 2] . (3.23)
The second correction term is the projected Weyl term. The last correction term on the right of Eq. (3.20), which
generalizes the field equations in [27], is
Fµν = (5)TABgµAgνB +
[
(5)TABn
AnB − 1
4
(5)T
]
gµν , (3.24)
where (5)TAB describes any stresses in the bulk apart from the cosmological constant (see [29] for the case of a scalar
field).
What about the conservation equations? Using Eqs. (3.1), (3.6) and (3.19), one obtains
∇νTµν = −2 (5)TABnAgBµ . (3.25)
Thus in general there is exchange of energy-momentum between the bulk and the brane. From now on, we will assume
that
(5)TAB = 0 ⇒ Fµν = 0 , (3.26)
so that
(5)GAB = −Λ5 (5)gAB , (in the bulk) (3.27)
Gµν = −Λgµν + κ2Tµν + 6κ
2
λ
Sµν − Eµν , (on the brane) (3.28)
and one then recovers from Eq. (3.25) the standard 4D conservation equations,
∇νTµν = 0 . (3.29)
This means that there is no exchange of energy-momentum between the bulk and the brane; their interaction is purely
gravitational. Then the 4D contracted Bianchi identities (∇νGµν = 0), applied to Eq. (3.20), lead to
∇µEµν = 6κ
2
λ
∇µSµν , (3.30)
which shows qualitatively how 1+3 spacetime variations in the matter-radiation on the brane can source KK modes.
The induced field equations (3.28) show two key modifications to the standard 4D Einstein field equations arising
from extra-dimensional effects:
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• Sµν ∼ (Tµν)2 is the high-energy correction term, which is negligible for ρ≪ λ, but dominant for ρ≫ λ:
|κ2Sµν/λ|
|κ2Tµν | ∼
|Tµν |
λ
∼ ρ
λ
. (3.31)
• Eµν , the projection of the bulk Weyl tensor on the brane, encodes corrections from 5D graviton effects (the KK
modes in the linearized case). From the brane-observer viewpoint, the energy-momentum corrections in Sµν are
local, whereas the KK corrections in Eµν are nonlocal, since they incorporate 5D gravity wave modes. These
nonlocal corrections cannot be determined purely from data on the brane. In the perturbative analysis of RS
1-brane which leads to the corrections in the gravitational potential, Eq. (2.23), the KK modes that generate
this correction are responsible for a nonzero Eµν ; this term is what carries the modification to the weak-field
field equations. The 9 independent components in the tracefree Eµν are reduced to 5 degrees of freedom by
Eq. (3.30); these arise from the 5 polarizations of the 5D graviton.
Note that the covariant formalism applies also to the two-brane case. In that case, the gravitational influence
of the second brane is felt via its contribution to Eµν .
B. 5-dimensional equations and the initial-value problem
The effective field equations are not a closed system. One needs to supplement them by 5D equations governing
Eµν , which are obtained from the 5D Einstein and Bianchi equations. This leads to the coupled system [30]:
£nKµν = KµαK
α
ν − Eµν − 1
6
Λ5gµν (3.32)
£nEµν = ∇αBα(µν) +
1
6
Λ5 (Kµν − gµνK) +KαβRµανβ + 3Kα(µEν)α −KEµν
+ (KµαKνβ −KαβKµν)Kαβ , (3.33)
£nBµνα = −2∇[µEν]α +KαβBµνβ − 2Bαβ[µKν]β , (3.34)
£nRµναβ = −2Rµνγ[αKβ]γ −∇µBαβν +∇µBβαν , (3.35)
where the “magnetic” part of the bulk Weyl tensor, counterpart to the “electric” part Eµν , is
Bµνα = gµAgνBgαC (5)CABCDnD . (3.36)
These equations are to be solved subject to the boundary conditions at the brane,
∇µEµν .= κ45∇µSµν , (3.37)
Bµνα .= 2∇[µKν]α .= −κ25∇[µ
(
Tν]α −
1
3
gν]αT
)
, (3.38)
where A
.
= B denotes A|brane = B|brane.
The above equations have been used to develop a covariant analysis of the weak field [30]. They can also be used
to develop a Taylor expansion of the metric about the brane. In Gaussian normal coordinates, Eq. (3.2), we have
£n = ∂/∂y. Then we find
gµν(x, y) = gµν(x, 0)− κ25
[
Tµν +
1
3
(λ− T )gµν
]
y=0+
|y|
+
[
−Eµν + 1
4
κ45
{
TµαT
α
ν +
2
3
(λ− T )Tµν
}
+
1
6
{
1
6
κ45(λ− T )2 − Λ5
}
gµν
]
y=0+
y2 + · · · (3.39)
In a non-covariant approach based on a specific form of the bulk metric in particular coordinates, the 5D Bianchi
identities would be avoided and the equivalent problem would be one of solving the 5D field equations, subject to
suitable 5D initial conditions and to the boundary conditions Eq. (3.19) on the metric. The advantage of the covariant
splitting of the field equations and Bianchi identities along and normal to the brane is the clear insight that it gives
into the interplay between the 4D and 5D gravitational fields. The disadvantage is that the splitting is not well suited
to dynamical evolution of the equations. Evolution off the timelike brane in the spacelike normal direction does not
in general constitute a well-defined initial value problem [31]. One needs to specify initial data on a 4D spacelike (or
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null) surface, with boundary conditions at the brane(s) ensuring a consistent evolution [32]. Clearly the evolution of
the observed universe is dependent upon initial conditions which are inaccessible to brane-bound observers; this is
simply another aspect of the fact that the brane dynamics is not determined by 4D but by 5D equations. The initial
conditions on a 4D surface could arise from models for creation of the 5D universe [26, 34], from dynamical attractor
behaviour [33] or from suitable conditions (such as no incoming gravitational radiation) at the past Cauchy horizon
if the bulk is asymptotically AdS.
C. The brane viewpoint: a 1+3-covariant analysis
A systematic analysis can be developed from the viewpoint of a brane-bound observer, following [35]. The effects
of bulk gravity are conveyed, from a brane observer viewpoint, via the local (Sµν) and nonlocal (Eµν) corrections to
Einstein’s equations. (In the more general case, bulk effects on the brane are also carried by Fµν , which describes
any 5D fields.) The Eµν term cannot in general be determined from data on the brane, and the 5D equations above
(or their equivalent) need to be solved in order to find Eµν .
The general form of the brane energy-momentum tensor for any matter fields (scalar fields, perfect fluids, kinetic
gases, dissipative fluids, etc.), including a combination of different fields, can be covariantly given in terms of a chosen
4-velocity uµ as
Tµν = ρuµuν + phµν + πµν + qµuν + qνuµ . (3.40)
Here ρ and p are the energy density and isotropic pressure, and
hµν = gµν + uµuν =
(5)gµν − nµnν + uµuν , (3.41)
projects into the comoving rest space orthogonal to uµ on the brane. The momentum density and anisotropic stress
obey
qµ = q〈µ〉 , πµν = π〈µν〉 , (3.42)
where angled brackets denote the spatially projected, symmetric and tracefree part:
V〈µ〉 = hµ
νVν , W〈µν〉 =
[
h(µ
αhν)
β − 1
3
hαβhµν
]
Wαβ . (3.43)
In an inertial frame at any point on the brane, we have
uµ = (1,~0) , hµν = diag(0, 1, 1, 1) , Vµ = (0, Vi) , Wµ0 = 0 =
∑
Wii =Wij −Wji , (3.44)
where i, j = 1, 2, 3.
The tensor Sµν , which carries local bulk effects onto the brane, may then be irreducibly decomposed as
Sµν = 1
24
[
2ρ2 − 3παβπαβ
]
uµuν +
1
24
[
2ρ2 + 4ρp+ παβπ
αβ − 4qαqα
]
hµν
− 1
12
(ρ+ 2p)πµν + πα〈µπν〉
α + q〈µqν〉 +
1
3
ρq(µuν) −
1
12
qαπα(µuν) . (3.45)
This simplifies for a perfect fluid or minimally-coupled scalar field:
Sµν = 1
12
ρ [ρuµuν + (ρ+ 2p)hµν ] . (3.46)
The trace free Eµν carries nonlocal bulk effects onto the brane, and contributes an effective “dark” radiative energy-
momentum on the brane, with energy density ρE , pressure ρE/3, momentum density q
E
µ and anisotropic stress π
E
µν :
− 1
κ2
Eµν = ρE
(
uµuν +
1
3
hµν
)
+ qEµuν + q
E
ν uµ + π
E
µν . (3.47)
We can think of this as a KK or Weyl “fluid”. The brane “feels” the bulk gravitational field through this effective
fluid. More specifically:
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• The KK (or Weyl) anisotropic stress πEµν incorporates the scalar or spin-0 (“Coulomb”), the vector (transverse)
or spin-1 (gravimagnetic) and the tensor (transverse traceless) or spin-2 (gravitational wave) 4D modes of the
spin-2 5D graviton.
• The KK momentum density qEµ incorporates spin-0 and spin-1 modes, and defines a velocity vEµ of the Weyl fluid
relative to uµ via qEµ = ρEv
E
µ .
• The KK energy density ρE , often called the “dark radiation”, incorporates the spin-0 mode.
In special cases, symmetry will impose simplifications on this tensor. For example, it must vanish for a conformally
flat bulk, including AdS5,
(5)gAB conformally flat ⇒ Eµν = 0 . (3.48)
The RS models have a Minkowski brane in an AdS5 bulk. This bulk is also compatible with an FRW brane. However,
the most general vacuum bulk with a Friedmann brane is Schwarzschild-anti de Sitter spacetime [36]. Then it follows
from the FRW symmetries that
Schwarzschild AdS5 bulk, FRW brane: q
E
µ = 0 = π
E
µν , (3.49)
where ρE = 0 only if the mass of the black hole in the bulk is zero. The presence of the bulk black hole generates via
Coulomb effects the dark radiation on the brane.
For a static spherically symmetric brane (e.g. the exterior of a static star or black hole) [37],
static spherical brane: qEµ = 0 . (3.50)
This condition also holds for a Bianchi I brane [38]. In these cases, πEµν is not determined by the symmetries, but by
the 5D field equations. By contrast, the symmetries of a Go¨del brane fix πEµν [39].
The brane-world corrections can conveniently be consolidated into an effective total energy density, pressure, mo-
mentum density and anisotropic stress.
ρtot = ρ+
1
4λ
(
2ρ2 − 3πµνπµν
)
+ ρE , (3.51)
ptot = p+
1
4λ
(
2ρ2 + 4ρp+ πµνπ
µν − 4qµqµ
)
+
ρE
3
, (3.52)
qtotµ = qµ +
1
2λ
(2ρqµ − 3πµνqν) + qEµ , (3.53)
πtotµν = πµν +
1
2λ
[−(ρ+ 3p)πµν + 3πα〈µπν〉α + 3q〈µqν〉]+ πEµν . (3.54)
These general expressions simplify in the case of a perfect fluid (or minimally coupled scalar field, or isotropic one-
particle distribution function), i.e., for qµ = 0 = πµν :
ρtot = ρ
(
1 +
ρ
2λ
+
ρE
ρ
)
, (3.55)
ptot = p+
ρ
2λ
(2p+ ρ) +
ρE
3
, (3.56)
qtotµ = q
E
µ , (3.57)
πtotµν = π
E
µν . (3.58)
Note that nonlocal bulk effects can contribute to effective imperfect fluid terms even when the matter on the brane
has perfect fluid form: there is in general an effective momentum density and anisotropic stress induced on the brane
by massive KK modes of the 5D graviton.
The effective total equation of state and sound speed follow from Eqs. (3.55) and (3.56) as
wtot ≡ ptot
ρtot
=
w + (1 + 2w)ρ/2λ+ ρE/3ρ
1 + ρ/2λ+ ρE/ρ
, (3.59)
c2tot ≡
p˙tot
ρ˙tot
=
[
c2s +
ρ+ p
ρ+ λ
+
4ρE
9(ρ+ p)(1 + ρ/λ)
] [
1 +
4ρE
3(ρ+ p)(1 + ρ/λ)
]−1
, (3.60)
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where w = p/ρ and c2s = p˙/ρ˙. At very high energies, i.e., ρ ≫ λ, we can generally neglect ρE (e.g., in an inflating
cosmology), and the effective equation of state and sound speed are stiffened:
wtot ≈ 2w + 1 , c2tot ≈ c2s + w + 1 . (3.61)
This can have important consequences in the early universe and during gravitational collapse. For example, in a very
high-energy radiation era, w = 13 , the effective cosmological equation of state is ultra-stiff: wtot ≈ 53 . In late-stage
gravitational collapse of pressureless matter, w = 0, the effective equation of state is stiff, wtot ≈ 1, and the effective
pressure is nonzero and dynamically important.
D. Conservation equations
Conservation of Tµν gives the standard general relativity energy and momentum conservation equations, in the
general, nonlinear case:
ρ˙+Θ(ρ+ p) + ~∇µqµ + 2Aµqµ + σµνπµν = 0 , (3.62)
q˙〈µ〉 +
4
3
Θqµ + ~∇µp+ (ρ+ p)Aµ + ~∇νπµν +Aνπµν + σµνqν − εµναωνqα = 0 . (3.63)
In these equations, an overdot denotes uν∇ν , and
Θ = ∇µuµ is the volume expansion rate of the uµ worldlines,
Aµ = u˙µ = A〈µ〉 is their 4-acceleration,
σµν = ~∇〈µuν〉 is their shear rate,
ωµ = − 12curluµ = ω〈µ〉 is their vorticity rate.
On a Friedmann brane,
Aµ = ωµ = σµν = 0 , Θ = 3H , (3.64)
where H = a˙/a is the Hubble rate. The covariant spatial curl is given by
curlVµ = εµαβ ~∇αV β , curlWµν = εαβ(µ~∇αW βν) , (3.65)
where εµαβ is the projection orthogonal to u
µ of the 4D brane alternating tensor, and ~∇µ is the projected part of the
brane covariant derivative, defined by
~∇µFα······β = (∇µFα······β)⊥u = hµνhαγ · · ·hβδ∇νF γ······δ . (3.66)
In a local inertial frame at a point on the brane, with uµ = δµ0, we have: 0 = A0 = ω0 = σ0µ = ε0αβ = curlV0 =
curlW0µ and
~∇µFα······β = δµiδαj · · · δβk∇iF j······k (local inertial frame) , (3.67)
where i, j, k = 1, 2, 3.
The absence of bulk source terms in the conservation equations is a consequence of having Λ5 as the only 5D source
in the bulk. For example, if there is a bulk scalar field, then there is energy-momentum exchange between the brane
and bulk (in addition to the gravitational interaction) [29, 40].
Equation (3.30) may be called the “nonlocal conservation equation”. Projecting along uµ gives the nonlocal energy
conservation equation, which is a propagation equation for ρE . In the general, nonlinear case, this gives
ρ˙E +
4
3
ΘρE + ~∇µqEµ + 2AµqEµ + σµνπEµν
=
1
4λ
[6πµν π˙µν + 6(ρ+ p)σ
µνπµν + 2Θ (2q
µqµ + π
µνπµν) + 2A
µqνπµν
− 4qµ~∇µρ+ qµ~∇νπµν + πµν ~∇µqν − 2σµνπαµπνα − 2σµνqµqν
]
. (3.68)
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Projecting into the comoving rest space gives the nonlocal momentum conservation equation, which is a propagation
equation for qEµ :
q˙E〈µ〉 +
4
3
ΘqEµ +
1
3
~∇µρE + 4
3
ρEAµ + ~∇νπEµν +AνπEµν + σµνqEν − εµναωνqEα
=
1
4λ
[
−4(ρ+ p)~∇µρ+ 6(ρ+ p)~∇νπµν + qν π˙〈µν〉 + πµν ~∇ν(2ρ+ 5p)
− 2
3
παβ
(
~∇µπαβ + 3~∇απβµ
)
− 3πµα~∇βπαβ + 28
3
qν ~∇µqν
+ 4ρAνπµν − 3πµαAβπαβ + 8
3
Aµπ
αβπαβ − πµασαβqβ
+ σµαπ
αβqβ + πµνε
ναβωαqβ − εµαβωαπβνqν + 4(ρ+ p)Θqµ
+ 6qµA
νqν +
14
3
Aµq
νqν + 4qµσ
αβπαβ
]
. (3.69)
The 1+3-covariant decomposition shows two key features:
• inhomogeneous and anisotropic effects from the 4D matter-radiation distribution on the brane are a source for
the 5D Weyl tensor, which nonlocally “backreacts” on the brane via its projection Eµν ;
• there are evolution equations for the dark radiative (nonlocal, Weyl) energy (ρE) and momentum (qEµ) densities
(carrying scalar and vector modes from bulk gravitons), but there is no evolution equation for the dark radiative
anisotropic stress (πEµν) (carrying tensor, as well as scalar and vector, modes), which arises in both evolution
equations.
In particular cases, the Weyl anisotropic stress πEµν may drop out of the nonlocal conservation equations, i.e., when
we can neglect σµνπEµν , ~∇νπEµν and AνπEµν . This is the case when we consider linearized perturbations about an
FRW background (which remove the first and last of these terms) and further when we can neglect gradient terms
on large scales (which removes the second term). This case is discussed in Sec. VI. But in general, and especially in
astrophysical contexts, the πEµν terms cannot be neglected. Even when we can neglect these terms, π
E
µν arises in the
field equations on the brane.
All of the matter source terms on the right of these two equations, except for the first term on the right of Eq. (3.69),
are imperfect fluid terms, and most of these terms are quadratic in the imperfect quantities qµ and πµν . For a single
perfect fluid or scalar field, only the ~∇µρ term on the right of Eq. (3.69) survives, but in realistic cosmological and
astrophysical models, further terms will survive. For example, terms linear in πµν will carry the photon quadrupole
in cosmology or the shear viscous stress in stellar models. If there are two fluids (even if both fluids are perfect),
then there will be a relative velocity vµ generating a momentum density qµ = ρvµ, which will serve to source nonlocal
effects.
In general, the 4 independent equations in Eqs. (3.68) and (3.69) constrain 4 of the 9 independent components of
Eµν on the brane. What is missing, is an evolution equation for πEµν , which has up to 5 independent components.
These 5 degrees of freedom correspond to the 5 polarizations of the 5D graviton. Thus in general, the projection of
the 5-dimensional field equations onto the brane does not lead to a closed system, as expected, since there are bulk
degrees of freedom whose impact on the brane cannot be predicted by brane observers. The KK anisotropic stress
πEµν encodes the nonlocality.
In special cases the missing equation does not matter. For example, if πEµν = 0 by symmetry, as in the case of
an FRW brane, then the evolution of Eµν is determined by Eqs. (3.68) and (3.69). If the brane is stationary (with
Killing vector parallel to uµ), then evolution equations are not needed for Eµν , although in general πEµν will still be
undetermined. However, small perturbations of these special cases will immediately restore the problem of missing
information.
If the matter on the brane has a perfect-fluid or scalar-field energy-momentum tensor, the local conservation
equations (3.62) and (3.63) reduce to
ρ˙+Θ(ρ+ p) = 0 , (3.70)
~∇µp+ (ρ+ p)Aµ = 0 , (3.71)
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while the nonlocal conservation equations (3.68) and (3.69) reduce to
ρ˙E +
4
3
ΘρE + ~∇µqEµ + 2AµqEµ + σµνπEµν = 0 , (3.72)
q˙E〈µ〉 +
4
3
ΘqEµ +
1
3
~∇µρE + 4
3
ρEAµ + ~∇νπEµν +AνπEµν + σµνqEν − εµναωνqEα
= − (ρ+ p)
λ
~∇µρ . (3.73)
Equation (3.73) shows that [27]
• if Eµν = 0 and the brane energy-momentum tensor has perfect fluid form, then the density ρ must be homoge-
neous, ~∇µρ = 0;
• the converse does not hold, i.e., homogeneous density does not in general imply vanishing Eµν .
A simple example of the latter point is the FRW case: Eq. (3.73) is trivially satisfied, while Eq. (3.72) becomes
ρ˙E + 4HρE = 0 . (3.74)
This equation has the dark radiation solution
ρE = ρE 0
(a0
a
)4
. (3.75)
If Eµν = 0, then the field equations on the brane form a closed system. Thus for perfect fluid branes with
homogeneous density and Eµν = 0, the brane field equations form a consistent closed system. However, this is
unstable to perturbations, and there is also no guarantee that the resulting brane metric can be embedded in a
regular bulk.
It also follows as a corollary that inhomogeneous density requires nonzero Eµν :
~∇µρ 6= 0 ⇒ Eµν 6= 0 . (3.76)
For example, stellar solutions on the brane necessarily have Eµν 6= 0 in the stellar interior if it is non-uniform.
Perturbed FRW models on the brane also must have Eµν 6= 0. Thus a nonzero Eµν , and in particular a nonzero πEµν ,
is inevitable in realistic astrophysical and cosmological models.
E. Propagation and constraint equations on the brane
The propagation equations for the local and nonlocal energy density and momentum density are supplemented by
further 1+3-covariant propagation and constraint equations for the kinematic quantities Θ, Aµ, ωµ, σµν , and for the
free gravitational field on the brane. The kinematic quantities govern the relative motion of neighbouring fundamental
world-lines. The free gravitational field on the brane is given by the brane Weyl tensor Cµναβ . This splits into the
gravito-electric and gravito-magnetic fields on the brane:
Eµν = Cµανβu
αuβ = E〈µν〉 , Hµν =
1
2
εµαβC
αβ
νγu
γ = H〈µν〉 , (3.77)
where Eµν is not to be confused with Eµν . The Ricci identity for uµ
∇[µ∇ν]uα =
1
2
Rανµβu
β , (3.78)
and the Bianchi identities
∇βCµναβ = ∇[µ
(
−Rν]α +
1
6
Rgν]α
)
, (3.79)
produce the fundamental evolution and constraint equations governing the above covariant quantities. The field equa-
tions are incorporated via the algebraic replacement of the Ricci tensor Rµν by the effective total energy-momentum
tensor, according to Eq. (3.20). The brane equations are derived directly from the standard general relativity versions
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by simply replacing the energy-momentum tensor terms ρ, . . . by ρtot, . . . . For a general fluid source, the equations
are given in [35]. In the case of a single perfect fluid or minimally-coupled scalar field, the equations reduce to the
following nonlinear equations.
Generalized Raychaudhuri equation (expansion propagation):
Θ˙ +
1
3
Θ2 + σµνσ
µν − 2ωµωµ − ~∇µAµ +AµAµ + κ
2
2
(ρ+ 3p)− Λ
= −κ
2
2
(2ρ+ 3p)
ρ
λ
− κ2ρE . (3.80)
Vorticity propagation:
ω˙〈µ〉 +
2
3
Θωµ +
1
2
curlAµ − σµνων = 0 . (3.81)
Shear propagation:
σ˙〈µν〉 +
2
3
Θσµν + Eµν − ~∇〈µAν〉 + σα〈µσν〉α + ω〈µων〉 − A〈µAν〉 =
κ2
2
πEµν . (3.82)
Gravito-electric propagation (Maxwell-Weyl E-dot equation):
E˙〈µν〉 +ΘEµν − curlHµν +
κ2
2
(ρ+ p)σµν
− 2Aαεαβ(µHν)β − 3σα〈µEν〉α + ωαεαβ(µEν)β
= −κ
2
2
(ρ+ p)
ρ
λ
σµν − κ
2
6
[
4ρEσµν + 3π˙
E
〈µν〉 +Θπ
E
µν + 3
~∇〈µqEν〉
+ 6A〈µq
E
ν〉 + 3σ
α
〈µπ
E
ν〉α + 3ω
αεαβ(µπ
E
ν)
β
]
. (3.83)
Gravito-magnetic propagation (Maxwell-Weyl H-dot equation):
H˙〈µν〉 +ΘHµν + curlEµν − 3σα〈µHν〉α + ωαεαβ(µHν)β + 2Aαεαβ(µEν)β
=
κ2
2
[
curlπEµν − 3ω〈µqEν〉 + σα(µεν)αβqEβ
]
. (3.84)
Vorticity constraint:
~∇µωµ −Aµωµ = 0 . (3.85)
Shear constraint:
~∇νσµν − curlωµ − 2
3
~∇µΘ+ 2εµναωνAα = −κ2qEµ . (3.86)
Gravito-magnetic constraint:
curlσµν + ~∇〈µων〉 −Hµν + 2A〈µων〉 = 0 . (3.87)
Gravito-electric divergence (Maxwell-Weyl div-E equation) :
~∇νEµν − κ
2
3
~∇µρ− εµνασνβHαβ + 3Hµνων
=
κ2
3
ρ
λ
~∇µρ+ κ
2
6
(
2~∇µρE − 2ΘqEµ − 3~∇νπEµν + 3σµνqEν − 9εµναωνqEα
)
. (3.88)
Gravito-magnetic divergence (Maxwell-Weyl div-H equation):
~∇νHµν − κ2(ρ+ p)ωµ + εµνασνβEαβ − 3Eµνων
= κ2(ρ+ p)
ρ
λ
ωµ +
κ2
6
(
8ρEωµ − 3curl qEµ − 3εµνασνβπEαβ − 3πEµνων
)
. (3.89)
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Gauss-Codazzi equations on the brane (with ωµ = 0):
R⊥〈µν〉 + σ˙〈µν〉 +Θσµν − ~∇〈µAν〉 −A〈µAν〉 = κ2πEµν , (3.90)
R⊥ +
2
3
Θ2 − σµνσµν − 2κ2ρ− 2Λ = κ2 ρ
2
λ
+ 2κ2ρE , (3.91)
where R⊥µν is the Ricci tensor for 3-surfaces orthogonal to u
µ on the brane and R⊥ = hµνR⊥µν .
FIG. 4: The evolution of the dimensionless shear parameter Ωshear = σ
2/6H2 on a Bianchi I brane, for a V = 1
2
m2φ2 model.
The early and late-time expansion of the universe is isotropic, but the shear dominates during an intermediate anisotropic stage
(from [38]).
The standard 4D general relativity results are regained when λ−1 → 0 and Eµν = 0, which sets all right hand
sides to zero in Eqs. (3.80)–(3.91). Together with Eqs. (3.70)–(3.73), these equations govern the dynamics of the
matter and gravitational fields on the brane, incorporating both the local, high-energy (quadratic energy-momentum)
and nonlocal, KK (projected 5D Weyl) effects from the bulk. High-energy terms are proportional to ρ/λ, and are
significant only when ρ > λ. The KK terms contain ρE , q
E
µ and π
E
µν , with the latter two quantities introducing
imperfect fluid effects, even when the matter has perfect fluid form.
Bulk effects give rise to important new driving and source terms in the propagation and constraint equations. The
vorticity propagation and constraint, and the gravito-magnetic constraint have no direct bulk effects, but all other
equations do. High-energy and KK energy density terms are driving terms in the propagation of the expansion Θ.
The spatial gradients of these terms provide sources for the gravito-electric field Eµν . The KK anisotropic stress
is a driving term in the propagation of shear σµν and the gravito-electric/ -magnetic fields, E/Hµν , and the KK
momentum density is a source for shear and the gravito-magnetic field. The 4D Maxwell-Weyl equations show in
detail the contribution to the 4D gravito-electromagnetic field on the brane, i.e., (Eµν , Hµν), from the 5D Weyl field
in the bulk.
An interesting example of how high-energy effects can modify general relativistic dynamics arises in the analysis of
isotropization of Bianchi spacetimes. For a Binachi type I brane, Eq. (3.91) becomes [38]
H2 =
κ2
3
ρ
(
1 +
ρ
2λ
)
+
Σ2
a6
, (3.92)
if we neglect the dark radiation, where a and H are the average scale factor and expansion rate, and Σ is the shear
constant. In general relativity, the shear term dominates as a → 0, but in the brane-world, the high-energy ρ2 term
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will dominate if w > 0, so that the matter-dominated early universe is isotropic [38, 41, 42]. This is illustrated in
Fig. 4.
Note that this conclusion is sensitive to the assumption that ρE ≈ 0, which, by Eq. (3.72) implies the restriction
σµνπEµν ≈ 0 . (3.93)
Relaxing this assumption can lead to non-isotropizing solutions [43].
The system of propagation and constraint equations, i.e. Eqs. (3.70)–(3.73) and (3.80)–(3.91), is exact and nonlinear,
applicable to both cosmological and astrophysical modelling, including strong-gravity effects. In general the system
of equations is not closed: there is no evolution equation for the KK anisotropic stress πEµν .
IV. GRAVITATIONAL COLLAPSE AND BLACK HOLES ON THE BRANE
The physics of brane-world compact objects and gravitational collapse is complicated by a number of factors,
especially the confinement of matter to the brane, while the gravitational field can access the extra dimension, and
the nonlocal (from the brane viewpoint) gravitational interaction between the brane and the bulk. Extra-dimensional
effects mean that the 4D matching conditions on the brane, i.e., continuity of the induced metric and extrinsic
curvature across the 2-surface boundary, are much more complicated to implement [44, 45]. High-energy corrections
increase the effective density and pressure of stellar and collapsing matter. In particular this means that the effective
pressure does not in general vanish at the boundary 2-surface, changing the nature of the 4D matching conditions
on the brane. The nonlocal KK effects further complicate the matching problem on the brane, since they in general
contribute to the effective radial pressure at the boundary 2-surface. Gravitational collapse inevitably produces
energies high enough, i.e., ρ≫ λ, to make these corrections significant.
We expect that extra-dimensional effects will be negligible outside the high-energy, short-range regime. The cor-
rections to the weak-field potential, Eq. (2.23), are at the second post-Newtonian (2PN) level [46, 47]. However,
modifications to Hawking radiation may bring significant corrections even for solar-sized black holes, as discussed
below.
A vacuum on the brane, outside a star or black hole, satisfies the brane field equations
Rµν = −Eµν , Rµµ = 0 = Eµµ , ∇νEµν = 0 . (4.1)
The Weyl term Eµν will carry an imprint of high-energy effects that source KK modes (as discussed above). This
means that high-energy stars and the process of gravitational collapse will in general lead to deviations from the 4D
general relativity problem. The weak-field limit for a static spherical source, Eq. (2.23), shows that Eµν must be
nonzero, since this is the term responsible for the corrections to the Newtonian potential.
A. The black string
The projected Weyl term vanishes in the simplest candidate for a black hole solution. This is obtained by assuming
the exact Schwarzschild form for the induced brane metric and “stacking” it into the extra dimension [48]
(5)ds2 = e−2|y|/ℓg˜µνdx
µdxν + dy2 , (4.2)
g˜µν = e
2|y|/ℓgµν = −(1− 2GM/r)dt2 + dr
2
1− 2GM/r + r
2dΩ2 . (4.3)
(Note that Eq. (4.2) is in fact a solution of the 5D field equations (2.4) if g˜µν is any 4D Einstein vacuum solution,
i.e., if R˜µν = 0, and this can be generalized to the case R˜µν = −Λ˜g˜µν [49, 50].)
Each {y = const } surface is a 4D Schwarzschild spacetime, and there is a line singularity along r = 0 for all y.
This solution is known as the Schwarzschild black string, which is clearly not localized on the brane y = 0. Although
(5)CABCD 6= 0, the projection of the bulk Weyl tensor along the brane is zero, since there is no correction to the 4D
gravitational potential:
V (r) =
GM
r
⇒ Eµν = 0 . (4.4)
The violation of the perturbative corrections to the potential signals some kind of non-AdS5 pathology in the bulk.
Indeed, the 5D curvature is unbounded at the Cauchy horizon, as y →∞ [48]:
(5)RABCD
(5)RABCD =
40
ℓ4
+
48G2M2
r6
e4|y|/ℓ . (4.5)
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Furthermore, the black string is unstable to large-scale perturbations [51].
Thus the “obvious” approach to finding a brane black hole fails. An alternative approach is to seek solutions of
the brane field equations with nonzero Eµν [37]. Brane solutions of static black hole exteriors with 5D corrections
to the Schwarzschild metric have been found [37, 44, 52], but the bulk metric for these solutions has not been
found. Numerical integration into the bulk, starting from static black hole solutions on the brane, is plagued with
difficulties [53].
B. Taylor expansion into the bulk
One can use a Taylor expansion, as in Eq. (3.39), in order to probe properties of a static black hole on the brane [54].
(An alternative expansion scheme is discussed in [55].) For a vacuum brane metric,
g˜µν(x, y) = g˜µν(x, 0)− Eµν(x, 0+)y2 − 2
ℓ
Eµν(x, 0+)|y|3
+
1
12
[
Eµν − 32
ℓ2
Eµν + 2RµανβEαβ + 6EµαEαν
]
y=0+
y4 + · · · (4.6)
This shows in particular that the propagating effect of 5D gravity arises only at the fourth order of the expansion.
For a static spherical metric on the brane,
g˜µνdx
µdxν = −F (r)dt2 + dr
2
H(r)
+ r2dΩ2 , (4.7)
the projected Weyl term on the brane is given by
E00 = F
r
[
H ′ − 1−H
r
]
, (4.8)
Err = − 1
rH
[F ′
F
− 1−H
r
]
, (4.9)
Eθθ = −1 +H + r
2
H
(F ′
F
+
H ′
H
)
. (4.10)
These components allow one to evaluate the metric coefficients in Eq. (4.6). For example, the area of the 5D horizon
is determined by g˜θθ; defining ψ(r) as the deviation from a Schwarzschild form for H , i.e.,
H(r) = 1− 2m
r
+ ψ(r) , (4.11)
where m is constant, we find
g˜θθ(r, y) = r
2 − ψ′
(
1 +
2
ℓ
|y|
)
y2 +
1
6r2
[
ψ′ +
1
2
(1 + ψ′)(rψ′ − ψ)′
]
y4 + · · · (4.12)
This shows how ψ and its r-derivatives determine the change in area of the horizon along the extra dimension. For
the black string, ψ = 0 and we have g˜θθ(r, y) = r
2. For a large black hole, with horizon scale ≫ ℓ, we have from
Eq. (2.23) that
ψ ≈ −4mℓ
2
3r3
. (4.13)
This implies that g˜θθ is decreasing as we move off the brane, consistent with a pancake-like shape of the horizon.
However, note that the horizon shape is tubular in Gaussian normal coordinates [56].
C. The “tidal charge” black hole
The equations (4.1) form a system of constraints on the brane in the stationary case, including the static spherical
case, for which
Θ = 0 = ωµ = σµν , ρ˙E = 0 = q
E
µ = π˙
E
µν . (4.14)
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The nonlocal conservation equations ∇νEµν = 0 reduce to
1
3
~∇µρE + 4
3
ρEAµ + ~∇νπEµν +AνπEµν = 0 , (4.15)
where, by symmetry,
πEµν = ΠE
(
1
3
hµν − rµrν
)
, (4.16)
for some ΠE(r), with rµ the unit radial vector. The solution of the brane field equations requires the input of Eµν
from the 5D solution. In the absence of a 5D solution, one can make an assumption about Eµν or gµν to close the 4D
equations .
If we assume a metric on the brane of Schwarzschild-like form, i.e., H = F in Eq. (4.7), then the general solution
of the brane field equations is [37]
F = 1− 2GM
r
+
2GℓQ
r2
, (4.17)
Eµν = −2GℓQ
r4
[uµuν − 2rµrν + hµν ] , (4.18)
where Q is a constant. It follows that the KK energy density and anisotropic stress scalar (defined via Eq. (4.16)) are
given by
ρE =
ℓQ
4π r4
=
1
2
ΠE . (4.19)
The solution Eq. (4.17) has the form of the general relativity Reissner-Nordstro¨m solution, but there is no electric
field on the brane. Instead, the nonlocal Coulomb effects imprinted by the bulk Weyl tensor have induced a “tidal”
charge parameter Q, where Q = Q(M), sinceM is the source of the bulk Weyl field. We can think of the gravitational
field of M being “reflected back” on the brane by the negative bulk cosmological constant [57]. If we impose the
small-scale perturbative limit (r ≪ ℓ) in Eq. (2.22), we find that
Q = −2M . (4.20)
Negative Q is in accord with the intuitive idea that the tidal charge strengthens the gravitational field, since it arises
from the source massM on the brane. By contrast, in the Reissner-Nordstro¨m solution of general relativity, Q ∝ +q2,
where q is the electric charge, and this weakens the gravitational field. Negative tidal charge also preserves the spacelike
nature of the singularity, and it means that there is only one horizon on the brane, outside the Schwarzschild horizon:
rh = GM
[
1 +
√
1− 2ℓQ
GM2
]
= GM
[
1 +
√
1 +
4ℓ
GM
]
. (4.21)
The tidal-charge black hole metric does not satisfy the far-field r−3 correction to the gravitational potential, as
in Eq. (2.23), and therefore cannot describe the end-state of collapse. However, Eq. (4.17) shows the correct 5D
behaviour of the potential (∝ r−2) at short distances, so that the tidal-charge metric could be a good approximation
in the strong-field regime for small black holes.
D. Realistic black holes
Thus a simple brane-based approach, while giving useful insights, does not lead to a realistic black hole solution.
There is no known solution representing a realistic black hole localized on the brane, which is stable and without
naked singularity. This remains a key open question of nonlinear brane-world gravity. (Note that an exact solution is
known for a black hole on a 1+2-brane in a 4D bulk [58], but this is a very special case.) Given the nonlocal nature
of Eµν , it is possible that the process of gravitational collapse itself leaves a signature in the black hole end-state, in
contrast with general relativity and its no-hair theorems. There are contradictory indications about the nature of the
realistic black hole solution on the brane:
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• numerical simulations of highly relativistic static stars on the brane [59] indicate that general relativity remains
a good approximation;
• exact analysis of Oppenheimer-Snyder collapse on the brane shows that the exterior is non-static [45], and this
is extended to general collapse by arguments based on a generalized AdS/CFT correspondence [60, 61].
The first result suggests that static black holes could exist as limits of increasingly compact static stars, but the
second result and conjecture suggest otherwise. This remains an open question. More recent numerical evidence is
also not conclusive, and it introduces further possible subtleties to do with the size of the black hole [62].
On very small scales relative to the AdS5 curvature scale, r≪ ℓ, the gravitational potential becomes 5D, as shown
in Eq. (2.22),
V (r) ≈ GℓM
r2
=
G5M
r2
. (4.22)
In this regime, the black hole is so small that it does not “see” the brane, so that it is approximately a 5D Schwarzschild
(static) solution. However, this is always an approximation because of the self-gravity of the brane (the situation is
different in ADD-type brane-worlds where there is no brane tension). As the black hole size increases, the approxima-
tion breaks down. Nevertheless, one might expect that static solutions exist on sufficiently small scales. Numerical
investigations appear to confirm this [62]: static metrics satisfying the asymptotic AdS5 boundary conditions are
found if the horizon is small compared to ℓ, but no numerical convergence can be achieved close to ℓ. The numerical
instability that sets in may mask the fact that even the very small black holes are not strictly static. Or it may be
that there is a transition from static to non-static behaviour. Or it may be that static black holes do exist on all
scales.
The 4D Schwarzschild metric cannot describe the final state of collapse, since it cannot incorporate the 5D behaviour
of the gravitational potential in the strong-field regime (the metric is incompatible with massive KK modes). A non-
perturbative exterior solution should have nonzero Eµν in order to be compatible with massive KK modes in the
strong-field regime. In the end-state of collapse, we expect a Eµν which goes to zero at large distances, recovering the
Schwarzschild weak-field limit, but which grows at short range. Furthermore, Eµν may carry a Weyl “fossil record”
of the collapse process.
E. Oppenheimer-Snyder collapse gives a non-static black hole
The simplest scenario in which to analyze gravitational collapse is the Oppenheimer-Snyder model, i.e., collapsing
homogeneous and isotropic dust [45]. The collapse region on the brane has FRW metric, while the exterior vacuum
has an unknown metric. In 4D general relativity, the exterior is a Schwarzschild spacetime; the dynamics of collapse
leaves no imprint on the exterior.
The collapse region has metric
ds2 = −dτ2 + a(τ)
2
[
dr2 + r2dΩ2
]
(1 + kr2/4)2
, (4.23)
where the scale factor satisfies the modified Friedmann equation (see below),
a˙2
a2
=
8πG
3
ρ
(
1 +
ρ
2λ
+
ρE
ρ
)
. (4.24)
The dust matter and the dark radiation evolve as
ρ = ρ0
(
a0
µ
)3
, ρE = ρE 0
(
a0
µ
)4
, (4.25)
where a0 is the epoch when the cloud started to collapse. The proper radius from the centre of the cloud is R(τ) =
ra(τ)/(1 + 14kr
2). The collapsing boundary surface Σ is given in the interior comoving coordinates as a free-fall
surface, i.e. r = r0 = const, so that RΣ(τ) = r0a(τ)/(1 +
1
4kr
2
0).
We can rewrite the modified Friedmann equation on the interior side of Σ as
R˙2 =
2GM
R
+
3GM2
4πλR4
+
Q
R2
+ E , (4.26)
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where the “physical mass” M (total energy per proper star volume), the total “tidal charge” Q and the “energy” per
unit mass are given by
M =
4πa30r
3
0ρ0
3(1 + 14kr
2
0)
3
, (4.27)
Q =
ρE 0a
4
0r
4
0
(1 + 14kr
2
0)
4
, (4.28)
E = − kr
2
0
(1 + 14kr
2
0)
2
> −1 . (4.29)
Now we assume that the exterior is static, and satisfies the standard 4D junction conditions. Then we check whether
this exterior is physical by imposing the modified Einstein equations (4.1). We will find a contradiction.
The standard 4D Darmois-Israel matching conditions, which we assume hold on the brane, require that the metric
and the extrinsic curvature of Σ be continuous (there are no intrinsic stresses on Σ). The extrinsic curvature is
continuous if the metric is continuous and if R˙ is continuous. We therefore need to match the metrics and R˙ across
Σ.
The most general static spherical metric that could match the interior metric on Σ is
ds2 = −F (R)2
[
1− 2Gm(R)
R
]
dt2 +
dR2
1− 2Gm(R)/R +R
2dΩ2 . (4.30)
We need two conditions to determine the functions F (R) and m(R). Now Σ is a freely falling surface in both
metrics, and the radial geodesic equation for the exterior metric gives R˙2 = −1 + 2Gm(R)/R + E˜/F (R)2 , where
E˜ is a constant and the dot denotes a proper time derivative, as above. Comparing this with Eq. (4.26) gives one
condition. The second condition is easier to derive if we change to null coordinates. The exterior static metric, with
dv = dt+ dR/[(1− 2Gm/R)F ], becomes
ds2 = −F 2(1− 2Gm/R)dv2 + 2FdvdR+R2dΩ2 . (4.31)
The interior Robertson-Walker metric takes the form [45]
ds2 = −τ
2
,v
[
1− (k + a˙2)R2/a2] dv2
(1 − kR2/a2) +
2τ,vdvdR√
1− kR2/a2 +R
2dΩ2 , (4.32)
where dτ = τ,vdv+(1+
1
4kr
2)dR/[ra˙− 1+ 14kr2]. Comparing Eqs. (4.31) and (4.32) on Σ gives the second condition.
The two conditions together imply that F is a constant, which we can take as F (R) = 1 without loss of generality
(choosing E˜ = E + 1), and that
m(R) =M +
3M2
8πλR3
+
Q
2GR
. (4.33)
In the limit λ−1 = 0 = Q, we recover the 4D Schwarzschild solution. In the general brane-world case, Eqs. (4.30) and
(4.33) imply that the brane Ricci scalar is
Rµµ =
9GM2
2πλR6
. (4.34)
However, this contradicts the field equations (4.1), which require
Rµµ = 0 . (4.35)
It follows that a static exterior is only possible ifM/λ = 0 , which is the 4D general relativity limit. In the brane-world,
collapsing homogeneous and isotropic dust leads to a non-static exterior. Note that this no-go result does not require
any assumptions on the nature of the bulk spacetime, which remains to be determined.
Although the exterior metric is not determined (see [63] for a toy model), we know that its non-static nature arises
from
• 5D bulk graviton stresses, which transmit effects nonlocally from the interior to the exterior, and
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• the non-vanishing of the effective pressure at the boundary, which means that dynamical information from the
interior can be conveyed outside via the 4D matching conditions.
The result suggests that gravitational collapse on the brane may leave a signature in the exterior, dependent upon
the dynamics of collapse, so that astrophysical black holes on the brane may in principle have KK “hair”. It is possible
that the non-static exterior will be transient, and will tend to a static geometry at late times, close to Schwarzschild
at large distances.
F. AdS/CFT and black holes on 1-brane RS-type models
Oppenheimer-Snyder collapse is very special; in particular, it is homogeneous. One could argue that the non-static
exterior arises because of the special nature of this model. However, the underlying reasons for non-static behaviour
are not special to this model; on the contrary, the role of high-energy corrections and KK stresses will if anything
be enhanced in a general, inhomogeneous collapse. There is in fact independent heuristic support for this possibility,
arising from the AdS/CFT correspondence.
The basic idea of the correspondence is that the classical dynamics of the AdS5 gravitational field correspond to
the quantum dynamics of a 4D conformal field theory on the brane. This correspondence holds at linear perturbative
order [12], so that the RS 1-brane infinite AdS5 brane-world (without matter fields on the brane) is equivalently
described by 4D general relativity coupled to conformal fields,
Gµν = 8πGT
(cft)
µν . (4.36)
According to a conjecture [60], the correspondence holds also in the case where there is strong gravity on the brane,
so that the classical dynamics of the bulk gravitational field of the brane black hole are equivalent to the dynamics of
a quantum-corrected 4D black hole (in the dual CFT-plus-gravity description). In other words [60, 61],
• quantum backreaction due to Hawking radiation in the 4D picture is described as classical dynamics in the 5D
picture;
• the black hole evaporates as a classical process in the 5D picture, and there is thus no stationary black hole
solution in RS 1-brane.
A further remarkable consequence of this conjecture is that Hawking evaporation is dramatically enhanced, because
of the very large number, of order (ℓ/ℓp)
2, of CFT modes. The energy loss rate due to evaporation is
M˙
M
∼ N
(
1
G2M3
)
, (4.37)
where N is the number of light degrees of freedom. Using N ∼ ℓ2/G, this gives an evaporation timescale [60]
tevap ∼
(
M
M⊙
)3(
1 mm
ℓ
)2
yr . (4.38)
A more detailed analysis [64] shows that this expression should be multiplied by a factor ≈ 100. Then the existence
of stellar-mass black holes on long time scales places limits on the AdS5 curvature scale that are more stringent than
the table-top limit, Eq. (1.6). The existence of black hole X-ray binaries implies
ℓ . 10−2 mm , (4.39)
already an order of magnitude improvement on the table-top limit.
One can also relate the Oppenheimer-Snyder result to these considerations. In the AdS/CFT picture, the non-
vanishing of the Ricci scalar, Eq. (4.34) arises from the trace of the Hawking CFT energy-momentum tensor, as in
Eq. (4.36). If we evaluate the Ricci scalar at the black hole horizon, R ∼ 2GM , using λ = 6M65/M2p , we find
Rµµ ∼ M
12
5 ℓ
6
M4
. (4.40)
The CFT trace on the other hand is given by T (cft) ∼ NT 4h/M2p , so that
8πGT (cft) ∼ M
12
5 ℓ
6
M4
. (4.41)
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Thus the Oppenheimer-Snyder result is qualitatively consistent with the AdS/CFT picture.
Clearly the black hole solution, and the collapse process that leads to it, have a far richer structure in the brane-world
than in general relativity, and deserve further attention. In particular, two further topics are of interest:
• Primordial black holes in 1-brane RS-type cosmology have been investigated in [47, 65]. High-energy effects
in the early universe (see the next section) can significantly modify the evaporation and accretion processes,
leading to a prolonged survival of these black holes. Such black holes evade the enhanced Hawking evaporation
described above when they are formed, because they are much smaller than ℓ.
• Black holes will also be produced in particle collisions at energies & M5, possibly well below the Planck scale.
In ADD brane-worlds, where M4+d = O(TeV) is not ruled out by current observations if d > 1, this raises the
exciting prospect of observing black hole production signatures in the next-generation colliders and cosmic ray
detectors (see [4, 66]).
V. BRANE-WORLD COSMOLOGY: DYNAMICS
A 1+4-dimensional spacetime with spatial 4-isotropy (4D spherical/ plane/ hyperbolic symmetry) has a natural
foliation into the symmetry group orbits, which are 1+3-dimensional surfaces with 3-isotropy and 3-homogeneity, i.e.
FRW surfaces. In particular, the AdS5 bulk of the RS brane-world, which admits a foliation into Minkowski surfaces,
also admits an FRW foliation since it is 4-isotropic. Indeed this feature of 1-brane RS-type cosmological brane-worlds
underlies the importance of the AdS/CFT correspondence in brane-world cosmology [13].
The generalization of AdS5 that preserves 4-isotropy and solves the vacuum 5D Einstein equation (2.4), is
Schwarzschild-AdS5, and this bulk therefore admits an FRW foliation. It follows that an FRW brane-world, the
cosmological generalization of the RS brane-world, is a part of Schwarzschild-AdS5, with the Z2-symmetric FRW
brane at the boundary. (Note that FRW branes can also be embedded in non-vacuum generalizations, e.g. in
Reissner-Nordstro¨m-AdS5 and Vaidya-AdS5.)
In natural static coordinates, the bulk metric is
(5)ds2 = −F (R)dT 2 + dR
2
F (R)
+R2
(
dr2
1−Kr2 + r
2dΩ2
)
, (5.1)
F (R) = K +
R2
ℓ2
− m
R2
, (5.2)
where K = 0,±1 is the FRW curvature index and m is the mass parameter of the black hole at R = 0 (recall that
the 5D gravitational potential has R−2 behaviour). The bulk black hole gives rise to dark radiation on the brane via
its Coulomb effect. The FRW brane moves radially along the 5th dimension, with R = a(T ), where a is the FRW
scale factor, and the junction conditions determine the velocity via the Friedmann equation for a [36]. Thus one can
interpret the expansion of the universe as motion of the brane through the static bulk. In the special case m = 0 and
da/dT = 0, the brane is fixed and has Minkowski geometry, i.e., the original RS 1-brane brane-world is recovered, in
different coordinates.
The velocity of the brane is coordinate-dependent, and can be set to zero. We can use Gaussian normal coordinates,
in which the brane is fixed but the bulk metric is not manifestly static [24]:
(5)ds2 = −N2(t, y)dt2 +A2(t, y)
[
dr2
1−Kr2 + r
2dΩ2
]
+ dy2 . (5.3)
Here a(t) = A(t, 0) is the scale factor on the FRW brane at y = 0, and t may be chosen as proper time on the brane,
so that N(t, 0) = 1. In the case where there is no bulk black hole (m = 0), the metric functions are
N =
A˙(t, y)
a˙(t)
, (5.4)
A = a(t)
[
cosh
(y
ℓ
)
−
{
1 +
ρ(t)
λ
}
sinh
( |y|
ℓ
)]
. (5.5)
Again, the junction conditions determine the Friedmann equation. The extrinsic curvature at the brane is
Kµν = diag
(
N ′
N
,
A′
A
,
A′
A
,
A′
A
)
brane
. (5.6)
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Then, by Eq. (3.19),
N ′
N
∣∣∣
brane
=
κ25
6
(2ρ+ 3p− λ) , (5.7)
A′
A
∣∣∣
brane
= −κ
2
5
6
(ρ+ λ) . (5.8)
The field equations yield the first integral [24]
(AA′)2 − A
2
N2
A˙2 +
Λ5
6
A4 +m = 0 , (5.9)
where m is constant. Evaluating this at the brane, using Eq. (5.8), gives the modified Friedmann equation (5.11).
The dark radiation carries the imprint on the brane of the bulk gravitational field. Thus we expect that Eµν for the
Friedmann brane contains bulk metric terms evaluated at the brane. In Gaussian normal coordinates (using the field
equations to simplify),
E00 = 3A
′′
A
∣∣∣
brane
+
Λ5
2
, E ij = −
(
1
3
E00
)
δij . (5.10)
Either form of the cosmological metric, Eq. (5.1) or (5.3), may be used to show that 5D gravitational wave signals
can take “short-cuts” through the bulk in travelling between points A and B on the brane [67]. The travel time for
such a graviton signal is less than the time taken for a photon signal (which is stuck to the brane) from A to B.
Instead of using the junction conditions, we can use the covariant 3D Gauss-Codazzi equation (3.91) to find the
modified Friedmann equation:
H2 =
κ2
3
ρ
(
1 +
ρ
2λ
)
+
m
a4
+
1
3
Λ− K
a2
, (5.11)
on using Eq. (3.75), where
m =
κ2
3
ρE 0a
4
0 . (5.12)
The covariant Raychauhuri equation (3.80) yields
H˙ = −κ
2
2
(ρ+ p)
(
1 +
ρ
λ
)
− 2m
a4
+
K
a2
, (5.13)
which also follows from differentiating Eq. (5.11) and using the energy conservation equation.
When the bulk black hole mass vanishes, the bulk geometry reduces to AdS5 and ρE = 0. In order to avoid a naked
singularity, we assume that the black hole mass is non-negative, so that ρE 0 ≥ 0. [By Eq. (5.2), it is possible to avoid
a naked singularity with negative m when K = −1, provided |m| ≤ ℓ2/4.] This additional effective relativistic degree
of freedom is constrained by nucleosynthesis and CMB observations to be no more than ∼5% of the radiation energy
density [68, 69, 70]:
ρE
ρrad
∣∣∣∣
nuc
. 0.05 (5.14)
The other modification to the Hubble rate is via the high-energy correction ρ/λ. In order to recover the observational
successes of general relativity, the high-energy regime where significant deviations occur must take place before
nucleosynthesis, i.e., cosmological observations impose the lower limit
λ > (1 MeV)4 ⇒ M5 > 104 GeV . (5.15)
This is much weaker than the limit imposed by table-top experiments, Eq. (2.24). Since ρ2/λ decays as a−8 during
the radiation era, it will rapidly become negligible after the end of the high-energy regime, ρ = λ.
If ρE = 0 and K = 0 = Λ, then the exact solution of the Friedmann equations for w = p/ρ = const is [24]
a = const [t(t+ tλ)]
1/3(w+1) , tλ =
Mp√
3πλ(1 + w)
. (1 + w)−110−9 sec , (5.16)
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where w > −1. If ρE 6= 0 (but K = 0 = Λ), then the solution for the radiation era (w = 13 ) is [69]
a = const [t(t+ tλ)]
1/4 , tλ =
√
3Mp
4
√
πλ (1 + ρE/ρ)
. (5.17)
For t≫ tλ we recover from Eqs. (5.16) and (5.17) the standard behaviour, a ∝ t2/3(w+1), whereas for t≪ tλ, we have
the very different behaviour of the high-energy regime,
ρ≫ λ ⇒ a ∝ t1/3(w+1) . (5.18)
When w = −1 we have ρ = ρ0 from the conservation equation. If K = 0 = Λ, we recover the de Sitter solution for
ρE = 0 and an asymptotically de Sitter solution for ρE > 0:
ρE = 0 : a = a0 exp[H0(t− t0)] , H0 = κ
√
ρ0
3
(
1 +
ρ0
2λ
)
, (5.19)
ρE > 0 : a
2 =
√
m
H0
sinh[2H0(t− t0)] . (5.20)
A qualitative analysis of the Friedmann equations is given in [41].
A. Brane-world inflation
In 1-brane RS-type brane-worlds, where the bulk has only a vacuum energy, inflation on the brane must be driven
by a 4D scalar field trapped on the brane. In more general brane-worlds, where the bulk contains a 5D scalar field,
it is possible that the 5D field induces inflation on the brane via its effective projection [71].
More exotic possibilities arise from the interaction between two branes, including possible collision, which is mediated
by a 5D scalar field and which can induce either inflation [72] or a hot big-bang radiation era, as in the “ekpyrotic” or
cyclic scenario [73], or in colliding bubble scenarios [74]. (See also [75] for colliding branes in an M theory approach.)
Here we discuss the simplest case of a 4D scalar field φ with potential V (φ) (see [76] for a review).
High-energy brane-world modifications to the dynamics of inflation on the brane have been investigated [38, 77, 78].
Essentially, the high-energy corrections provide increased Hubble damping, since ρ≫ λ implies H is larger for a given
energy than in 4D general relativity. This makes slow-roll inflation possible even for potentials that would be too
steep in standard cosmology [77, 79, 80].
The field satisfies the Klein-Gordon equation
φ¨+ 3Hφ˙+ V ′(φ) = 0 . (5.21)
In 4D general relativity, the condition for inflation, a¨ > 0, is φ˙2 < V (φ), i.e., p < − 13ρ, where ρ = 12 φ˙2 + V and
p = 12 φ˙
2 − V . The modified Friedmann equation leads to a stronger condition for inflation: using Eq. (5.11), with
m = 0 = Λ = K, and Eq. (5.21), we find that
a¨ > 0 ⇒ w < −1
3
[
1 + 2ρ/λ
1 + ρ/λ
]
, (5.22)
where the square brackets enclose the brane correction to the general relativity result. As ρ/λ/ → 0, the 4D result
w < − 13 is recovered, but for ρ > λ, w must be more negative for inflation. In the very high-energy limit ρ/λ→ ∞,
we have w < − 23 . When the only matter in the universe is a self-interacting scalar field, the condition for inflation
becomes
φ˙2 − V +
[
1
2 φ˙
2 + V
λ
(
5
4
φ˙2 − 1
2
V
)]
< 0 , (5.23)
which reduces to φ˙2 < V when ρφ =
1
2 φ˙
2 + V ≪ λ.
In the the slow-roll approximation,
H2 ≈ κ
2
3
V
[
1 +
V
2λ
]
, (5.24)
φ˙ ≈ − V
′
3H
. (5.25)
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The brane-world correction term V/λ in Eq. (5.24) serves to enhance the Hubble rate for a given potential energy,
relative to general relativity. Thus there is enhanced Hubble ‘friction’ in Eq. (5.25), and brane-world effects will
reinforce slow-roll at the same potential energy. We can see this by defining slow-roll parameters that reduce to the
standard parameters in the low-energy limit:
ǫ ≡ − H˙
H2
=
M2p
16π
(
V ′
V
)2 [
1 + V/λ
(1 + V/2λ)2
]
, (5.26)
η ≡ − φ¨
Hφ˙
=
M2p
8π
(
V ′′
V
)[
1
1 + V/2λ
]
. (5.27)
Self-consistency of the slow-roll approximation then requires ǫ, |η| ≪ 1. At low energies, V ≪ λ, the slow-roll
parameters reduce to the standard form. However at high energies, V ≫ λ, the extra contribution to the Hubble
expansion helps damp the rolling of the scalar field and the new factors in square brackets become ≈ λ/V :
ǫ ≈ ǫgr
[
4λ
V
]
, η ≈ ηgr
[
2λ
V
]
, (5.28)
where ǫgr, ηgr are the standard general relativity slow-roll parameters. In particular, this means that steep potentials
which do not give inflation in general relativity, can inflate the brane-world at high energy and then naturally stop
inflating when V drops below λ. These models can be constrained because they typically end inflation in a kinetic-
dominated regime and thus generate a blue spectrum of gravitational waves, which can disturb nucleosynthesis [79].
They also allow for the novel possibility that the inflaton could act as dark matter or quintessence at low energies [79,
81].
The number of e-folds during inflation, N =
∫
Hdt, is, in the slow-roll approximation,
N ≈ − 8π
M2p
∫ φf
φi
V
V ′
[
1 +
V
2λ
]
dφ . (5.29)
Brane-world effects at high energies increase the Hubble rate by a factor V/2λ, yielding more inflation between any
two values of φ for a given potential. Thus we can obtain a given number of e-folds for a smaller initial inflaton value
φi. For V ≫ λ, Eq. (5.29) becomes
N ≈ −128π
3
3M65
∫ φf
φi
V 2
V ′
dφ . (5.30)
The key test of any modified gravity theory during inflation, will be the spectrum of perturbations produced
due to quantum fluctuations of the fields about their homogeneous background values. We will discuss brane-world
cosmological perturbations in the next section. In general, perturbations on the brane are coupled to bulk metric
perturbations, and the problem is very complicated. However on large scales on the brane, the density perturbations
decouple from the bulk metric perturbations [35, 68, 82]. For 1-brane RS-type models, there is no scalar zero-mode of
the bulk graviton, and in the extreme slow-roll (de Sitter) limit, the massive scalar modes are heavy and stay in their
vacuum state during inflation [83]. Thus it seems a reasonable approximation in slow-roll to neglect the KK effects
carried by Eµν when computing the density perturbations.
To quantify the amplitude of scalar (density) perturbations we evaluate the usual gauge-invariant quantity
ζ ≡ R− H
ρ˙
δρ , (5.31)
which reduces to the curvature perturbation, R, on uniform density hypersurfaces (δρ = 0). This is conserved on
large scales for purely adiabatic perturbations, as a consequence of energy conservation (independently of the field
equations) [84]. The curvature perturbation on uniform density hypersurfaces is given in terms of the scalar field
fluctuations on spatially flat hypersurfaces, δφ, by
ζ = H
δφ
φ˙
. (5.32)
The field fluctuations at Hubble crossing (k = aH) in the slow-roll limit are given by 〈δφ2〉 ≈ (H/2π)2, a result
for a massless field in de Sitter space that is also independent of the gravity theory [84]. For a single scalar field
the perturbations are adiabatic and hence the curvature perturbation ζ can be related to the density perturbations
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COBE constraints. The straight line is the approximation used in Eq. (5.37), which at high energies is in excellent agreement
with the exact solution, evaluated numerically in slow-roll. (From [77].)
when modes re-enter the Hubble scale during the matter dominated era which is given by A2s = 4〈ζ2〉/25. Using the
slow-roll equations and Eq. (5.32), this gives
A2s ≈
(
512π
75M6p
V 3
V ′2
)[
2λ+ V
2λ
]3∣∣∣∣∣
k=aH
. (5.33)
Thus the amplitude of scalar perturbations is increased relative to the standard result at a fixed value of φ for a given
potential.
The scale-dependence of the perturbations is described by the spectral tilt
ns − 1 ≡ d lnA
2
s
d ln k
≈ −6ǫ+ 2η , (5.34)
where the slow-roll parameters are given in Eqs. (5.26) and (5.27). Because these slow-roll parameters are both
suppressed by an extra factor λ/V at high energies, we see that the spectral index is driven towards the Harrison-
Zel’dovich spectrum, ns → 1, as V/λ → ∞; however, as explained below, this does not necessarily mean that the
brane-world case is closer to scale-invariance than the general relativity case.
As an example, consider the simplest chaotic inflation model V = 12m
2φ2. Equation (5.29) gives the integrated
expansion from φi to φf as
N ≈ 2π
M2p
(
φ2i − φ2f
)
+
π2m2
3M65
(
φ4i − φ4f
)
. (5.35)
The new high-energy term on the right leads to more inflation for a given initial inflaton value φi.
The standard chaotic inflation scenario requires an inflaton mass m ∼ 1013 GeV to match the observed level of
anisotropies in the cosmic microwave background (see below). This corresponds to an energy scale ∼ 1016 GeV when
the relevant scales left the Hubble scale during inflation, and also to an inflaton field value of order 3Mp. Chaotic
inflation has been criticised for requiring super-Planckian field values, since these can lead to nonlinear quantum
corrections in the potential.
If the brane tension λ is much below 1016 GeV, corresponding to M5 < 10
17 GeV, then the terms quadratic in the
energy density dominate the modified Friedmann equation. In particular the condition for the end of inflation given
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in Eq. (5.23) becomes φ˙2 < 25V . In the slow-roll approximation [using Eqs. (5.24) and (5.25)] φ˙ ≈ −M35/2πφ and this
yields
φ4end ≈
5
4π2
(
M5
m
)2
M45 . (5.36)
In order to estimate the value of φ when scales corresponding to large-angle anisotropies on the microwave background
sky left the Hubble scale during inflation, we take Ncobe ≈ 55 in Eq. (5.35) and φf = φend. The second term on the
right of Eq. (5.35) dominates, and we obtain
φ4cobe ≈
165
π2
(
M5
m
)2
M45 . (5.37)
Imposing the COBE normalization on the curvature perturbations given by Eq. (5.33) requires
As ≈
(
8π2
45
)
m4φ5cobe
M65
≈ 2× 10−5 . (5.38)
Substituting in the value of φcobe given by Eq. (5.37) shows that in the limit of strong brane corrections, observations
require
m ≈ 5× 10−5M5 , φcobe ≈ 3× 102M5 . (5.39)
Thus forM5 < 10
17 GeV, chaotic inflation can occur for field values below the 4D Planck scale, φcobe < Mp, although
still above the 5D scale M5. The relation determined by COBE constraints for arbitrary brane tension is shown in
Fig. 5, together with the high-energy approximation used above, which provides an excellent fit at low brane tension
relative to M4.
It must be emphasized that in comparing the high-energy brane-world case to the standard 4D case, we implicitly
require the same potential energy. However, precisely because of the high-energy effects, large-scale perturbations
will be generated at different values of V than in the standard case, specifically at lower values of V , closer to the
reheating minimum. Thus there are two competing effects, and it turns out that the shape of the potential determines
which is the dominant effect [85]. For the quadratic potential, the lower location on V dominates, and the spectral
tilt is slightly further from scale invariance than in the standard case. The same holds for the quartic potential. Data
from WMAP and 2dF can be used to constrain inflationary models via their deviation from scale invariance, and the
high-energy brane-world versions of the quadratic and quartic potentials are thus under more pressure from data than
their standard counterparts [85], as shown in Fig. 6.
Other perturbation modes have also been investigated:
• High-energy inflation on the brane also generates a zero-mode (4D graviton mode) of tensor perturbations, and
stretches it to super-Hubble scales, as will be discussed below. This zero-mode has the same qualitative features
as in general relativity, remaining frozen at constant amplitude while beyond the Hubble horizon. Its amplitude
is enhanced at high energies, although the enhancement is much less than for scalar perturbations [86]:
A2t ≈
(
32V
75M2p
)[
3V 2
4λ2
]
, (5.40)
A2t
A2s
≈
(
M2p
16π
V ′2
V 2
)[
6λ
V
]
. (5.41)
Equation (5.41) means that brane-world effects suppress the large-scale tensor contribution to CMB anisotropies.
The tensor spectral index at high energy has a smaller magnitude than in general relativity,
nt = −3ǫ , (5.42)
but remarkably the same consistency relation as in general relativity holds [80]:
nt = −2A
2
t
A2s
. (5.43)
This consistency relation persists when Z2 symmetry is dropped [87] (and in a two-brane model with stabilized
radion [88]). It holds only to lowest order in slow-roll, as in general relativity, but the reason for this [89] and
the nature of the corrections [90] are not settled.
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FIG. 6: Constraints from WMAP data on inflation models with quadratic and quartic potentials, where R is the ratio of tensor
to scalar amplitudes and n is the scalar spectral index. The high energy (H.E.) and low energy (L.E.) limits are shown, with
intermediate energies in between, and the 1-σ and 2-σ contours are also shown. (From [85].)
The massive KK modes of tensor perturbations remain in the vacuum state during slow-roll inflation [86, 91].
The evolution of the super-Hubble zero mode is the same as in general relativity, so that high-energy brane-world
effects in the early universe serve only to rescale the amplitude. However, when the zero mode re-enters the
Hubble horizon, massive KK modes can be excited.
• Vector perturbations in the bulk metric can support vector metric perturbations on the brane, even in the
absence of matter perturbations (see the next section). However, there is no normalizable zero mode, and the
massive KK modes stay in the vacuum state during brane-world inflation [92]. Therefore, as in general relativity,
we can neglect vector perturbations in inflationary cosmology.
Brane-world effects on large-scale isocurvature perturbations in 2-field inflation have also been considered [93].
Brane-world (p)reheating after inflation is discussed in [94].
B. Brane-world instanton
The creation of an inflating brane-world can be modelled as a de Sitter instanton in a way that closely follows the
4D instanton, as shown in [26]. The instanton consists of two identical patches of AdS5 joined together along a dS4
brane with compact spatial sections. The instanton describes the “birth” of both the inflating brane and the bulk
spacetime, which are together “created from nothing”, i.e. the point at the south pole of the de Sitter 4-sphere. The
Euclidean AdS5 metric is
(5)ds2euclid = dr
2 + ℓ2 sinh2(r/ℓ)
[
dχ2 + sin2 χdΩ2(3)
]
, (5.44)
where dΩ2(3) is a 3-sphere, and r ≤ r0. The Euclidean instanton interpolates between r = 0 (“nothing”) and r = r0
(the created universe), which is a spherical brane of radius
H−10 ≡ ℓ sinh(r0/ℓ) . (5.45)
After creation, the brane-world evolves according to the Lorentzian continuation, χ→ iH0t+ π/2,
(5)ds2 = dr2 + (ℓH0)
2 sinh2(r/ℓ)
[
−dt2 +H−20 cosh2(H0t) dΩ2(3)
]
. (5.46)
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(See Fig. 7.)
C. Models with non-empty bulk
The single-brane cosmological model can be generalized to include stresses other than Λ5 in the bulk.
• The simplest example arises from considering a charged bulk black hole, leading to the Reissner-Nordstro¨m
AdS5 bulk metric [95]. This has the form of Eq. (5.1), with
F (R) = K +
R2
ℓ2
− m
R2
+
q2
R4
, (5.47)
where q is the “electric” charge parameter of the bulk black hole. The metric is a solution of the 5D Einstein-
Maxwell equations, so that (5)TAB in Eq. (3.1) is the energy-momentum tensor of a radial static 5D “electric”
field. In order for the field lines to terminate on the boundary brane, the brane should carry a charge −q.
Since the RNAdS5 metric is 4-isotropic, it is still possible to embed a FRW brane in it, which is moving in the
coordinates of Eq. (5.1).
The effect of the black hole charge on the brane arises via the junction conditions and leads to the modified
Friedmann equation [95],
H2 =
κ2
3
ρ
(
1 +
ρ
2λ
)
+
m
a4
− q
2
a6
+
1
3
Λ− K
a2
. (5.48)
The field lines that terminate on the brane imprint on the brane an effective negative energy density−3q2/(κ2a6),
which redshifts like stiff matter (w = 1). The negativity of this term introduces the possibility that at high
energies it can bring the expansion rate to zero and cause a turn-around or bounce (but see [96] for problems
with such bounces).
Apart from negativity, the key difference between this “dark stiff matter” and the dark radiation term m/a4, is
that the latter arises from the bulk Weyl curvature via the Eµν tensor, while the former arises from non-vacuum
stresses in the bulk via the Fµν tensor in Eq. (3.20). The dark stiff matter does not arise from massive KK
modes of the graviton.
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• Another example is provided by the Vaidya-AdS5 metric, which can be written after transforming to a new
coordinate v = T +
∫
dR/F in Eq. (5.1), so that v =const are null surfaces, and
(5)ds2 = −F (R, v)dv2 + 2dvdR+R2
(
dr2
1−Kr2 + r
2dΩ2
)
, (5.49)
F (R, v) = K +
R2
ℓ2
− m(v)
R2
. (5.50)
This model has a moving FRW brane in a 4-isotropic bulk (which is not static), with either a radiating bulk
black hole (dm/dv < 0), or a radiating brane (dm/dv > 0) [97]. The metric satisfies the 5D field equations (3.1)
with a null-radiation energy-momentum tensor,
(5)TAB = ψkAkB , kAk
A = 0 , kAu
A = 1 , (5.51)
where ψ ∝ dm/dv. It follows that
Fµν = κ−25 ψhµν . (5.52)
In this case, the same effect, i.e. a varying mass parameter m, contributes to both Eµν and Fµν in the brane
field equations. The modified Friedmann equation has the standard 1-brane RS-type form, but with a dark
radiation term that no longer behaves strictly like radiation:
H2 =
κ2
3
ρ
(
1 +
ρ
2λ
)
+
m(t)
a4
+
1
3
Λ− K
a2
. (5.53)
By Eqs. (3.25) and (5.51), we arrive at the matter conservation equations,
∇νTµν = −2ψuµ . (5.54)
This shows how the brane loses (ψ > 0) or gains (ψ < 0) energy in exchange with the bulk black hole. For an
FRW brane, this equation reduces to
ρ˙+ 3H(ρ+ p) = −2ψ . (5.55)
The evolution of m is governed by the 4D contracted Bianchi identity, using Eq. (5.52):
∇µEµν = 6κ
2
λ
∇µSµν + 2
3
[
κ25
(
ψ˙ +Θψ
)
− 3κ2ψ
]
uµ +
2
3
κ25
~∇µψ . (5.56)
For an FRW brane, this yields
ρ˙E + 4HρE = 2ψ − 2
3
κ25
κ2
(
ψ˙ + 3Hψ
)
, (5.57)
where ρE = 3m(t)/(κ
2a4).
• A more complicated bulk metric arises when there is a self-interacting scalar field Φ in the bulk [29, 40]. In the
simplest case, when there is no coupling between the bulk field and brane matter, this gives
(5)TAB = Φ,AΦ,B − (5)gAB
[
V (Φ) +
1
2
(5)gCDΦ,CΦ,D
]
, (5.58)
where Φ(x, y) satisfies the 5D Klein-Gordon equation,
(5)Φ− V ′(Φ) = 0 . (5.59)
The junction conditions on the field imply that
∂yΦ(x, 0) = 0 . (5.60)
Then Eqs. (3.25) and (5.58) show that matter conservation continues to hold on the brane in this simple case:
∇νTµν = 0 . (5.61)
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From Eq. (5.58) one finds that
Fµν = 1
4κ25
[
4φ,µφ,ν − gµν
{
3V (φ) +
5
2
gαβφ,αφ,β
}]
, (5.62)
where
φ(x) = Φ(x, 0) , (5.63)
so that the modified Friedmann equation becomes
H2 =
κ2
3
ρ
(
1 +
ρ
2λ
)
+
m
a4
+
κ25
6
[
1
2
φ˙2 + V (φ)
]
+
1
3
Λ− K
a2
. (5.64)
When there is coupling between brane matter and the bulk scalar field, then the Friedmann and conservation
equations are more complicated [29, 40].
VI. BRANE-WORLD COSMOLOGY: PERTURBATIONS
The background dynamics of brane-world cosmology are simple because the FRW symmetries simplify the bulk
and rule out nonlocal effects. But perturbations on the brane immediately release the nonlocal KK modes. Then the
5D bulk perturbation equations must be solved in order to solve for perturbations on the brane. These 5D equations
are partial differential equations for the 3D Fourier modes, with both initial and boundary conditions needed.
The theory of gauge-invariant perturbations in brane-world cosmology has been extensively investigated and de-
veloped [35, 68, 69, 77, 79, 82, 86, 91, 98, 99, 100, 101, 102] and is qualitatively well understood. The key
remaining task is integration of the coupled brane-bulk perturbation equations. Special cases have been solved,
where these equations effectively decouple [68, 69, 101, 102], and approximation schemes have recently been devel-
oped [103, 104, 105, 106, 107, 108] for the more general cases where the coupled system must be solved. From the
brane viewpoint, the bulk effects, i.e., the high-energy corrections and the KK modes, act as source terms for the
brane perturbation equations. At the same time, perturbations of matter on the brane can generate KK modes (i.e.,
emit 5D gravitons into the bulk) which propagate in the bulk and can subsequently interact with the brane. This
nonlocal interaction amongst the perturbations is at the core of the complexity of the problem. It can be elegantly
expressed via integro-differential equations [98], which take the form (assuming no incoming 5D gravitational waves)
Ak(t) =
∫
dt′ G(t, t′)Bk(t′) , (6.1)
where G is the bulk retarded Green’s function evaluated on the brane, and Ak, Bk are made up of brane metric and
matter perturbations and their (brane) derivatives, and include high-energy corrections to the background dynamics.
Solving for the bulk Green’s function, which then determines G, is the core of the 5D problem.
We can isolate the KK anisotropic stress πEµν as the term that must be determined from 5D equations. Once π
E
µν
is determined in this way, the perturbation equations on the brane form a closed system. The solution will be of the
form, expressed in Fourier modes:
πEk (t) ∝
∫
dt′ G(t, t′)Fk(t′) , (6.2)
where the functional Fk will be determined by the covariant brane perturbation quantities and their derivatives. It is
known in the case of a Minkowski background [30], but not in the cosmological case.
The KK terms act as source terms modifying the standard general relativity perturbation equations, together with
the high-energy corrections. For example, the linearization of the shear propagation equation (3.82) yields
σ˙µν + 2Hσµν + Eµν − κ
2
2
πµν − ~∇〈µAν〉 =
κ2
2
πEµν −
κ2
4
(1 + 3w)
ρ
λ
πµν . (6.3)
In 4D general relativity, the right hand side is zero. In the brane-world, the first source term on the right is the
KK term, the second term is the high-energy modification. The other modification is a straightforward high-energy
correction of the background quantities H and ρ via the modified Friedmann equations.
As in 4D general relativity, there are various different, but essentially equivalent, ways to formulate linear cosmo-
logical perturbation theory. First I describe the covariant brane-based approach.
35
A. 1+3-covariant perturbation equations on the brane
In the 1+3-covariant approach [35, 101, 109], perturbative quantities are projected vectors, Vµ = V〈µ〉, and projected
symmetric tracefree tensors, Wµν =W〈µν〉, which are gauge-invariant since they vanish in the background. These are
decomposed into (3D) scalar, vector and tensor modes as
Vµ = ~∇µV + V¯µ , (6.4)
Wµν = ~∇〈µ~∇ν〉W + ~∇〈µW¯ν〉 + W¯µν , (6.5)
where W¯µν = W¯〈µν〉 and an overbar denotes a (3D) transverse quantity,
~∇µV¯µ = 0 = ~∇νW¯µν . (6.6)
In a local inertial frame comoving with uµ, i.e., uµ = (1,~0), all time components may be set to zero: Vµ = (0, Vi),
W0µ = 0, ~∇µ = (0, ~∇i).
Purely scalar perturbations are characterized by the fact that vectors and tensors are derived from scalar potentials,
i.e.,
V¯µ = W¯µ = W¯µν = 0 . (6.7)
Scalar perturbative quantities are formed from the potentials via the (3D) Laplacian, e.g., V = ~∇µ ~∇µV ≡ ~∇2V .
Purely vector perturbations are characterized by
Vµ = V¯µ , Wµν = ~∇〈µW¯ν〉 , curl ~∇µf = −2f˙ωµ , (6.8)
where ωµ is the vorticity, and purely tensor by
~∇µf = 0 = Vµ , Wµν = W¯µν . (6.9)
The KK energy density produces a scalar mode ~∇µρE (which is present even if ρE = 0 in the background). The KK
momentum density carries scalar and vector modes, and the KK anisotropic stress carries scalar, vector and tensor
modes:
qEµ = ~∇µqE + q¯Eµ , (6.10)
πEµν = ~∇〈µ~∇ν〉πE + ~∇〈µπ¯Eν〉 + π¯Eµν . (6.11)
Linearizing the conservation equations for a single adiabatic fluid, and the nonlocal conservation equations, we
obtain
ρ˙+Θ(ρ+ p) = 0 , (6.12)
c2s ~∇µ + (ρ+ p)Aµ = 0 , (6.13)
ρ˙E +
4
3
ΘρE + ~∇µqEµ = 0 , (6.14)
q˙Eµ + 4Hq
E
µ +
1
3
~∇µρE + 4
3
ρEAµ + ~∇νπEµν = −
(ρ+ p)
λ
~∇µρ . (6.15)
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Linearizing the remaining propagation and constraint equations leads to
Θ˙ +
1
3
Θ2 − ~∇µAµ + 1
2
κ2(ρ+ 3p)− Λ = −κ
2
2
(2ρ+ 3p)
ρ
λ
− κ2ρE , (6.16)
ω˙µ + 2Hωµ +
1
2
curlAµ = 0 , (6.17)
σ˙µν + 2Hσµν + Eµν − ~∇〈µAν〉 =
κ2
2
πEµν , (6.18)
E˙µν + 3HEµν − curlHµν + κ
2
2
(ρ+ p)σµν = −κ
2
2
(ρ+ p)
ρ
λ
σµν
− κ
2
6
[
4ρEσµν + 3π˙
E
µν + 3Hπ
E
µν + 3~∇〈µqEν〉
]
, (6.19)
H˙µν + 3HHµν + curlEµν =
κ2
2
curlπEµν , (6.20)
~∇µωµ = 0 , (6.21)
~∇νσµν − curlωµ − 2
3
~∇µΘ = −qEµ , (6.22)
curlσµν + ~∇〈µων〉 −Hµν = 0 , (6.23)
~∇νEµν − κ
2
3
~∇µρ = κ
2
3
ρ
λ
~∇µρ+ κ
2
6
[
2~∇µρE − 4HqEµ − 3~∇νπEµν
]
, (6.24)
~∇νHµν − κ2(ρ+ p)ωµ = κ2(ρ+ p)ρ
λ
ωµ +
κ2
6
[
8ρEωµ − 3curl qEµ
]
. (6.25)
Equations (6.12), (6.14) and (6.16) do not provide gauge-invariant equations for perturbed quantities, but their spatial
gradients do.
These equations are the basis for a 1+3-covariant analysis of cosmological perturbations from the brane observer’s
viewpoint, following the approach developed in 4D general relativity [110]. The equations contain scalar, vector
and tensor modes, which can be separated out if desired. They are not a closed system of equations until πEµν is
determined by a 5D analysis of the bulk perturbations. An extension of the 1+3-covariant perturbation formalism
to 1+4 dimensions would require a decomposition of the 5D geometric quantities along a timelike extension uA into
the bulk of the brane 4-velocity field uµ, and this remains to be done. The 1+3-covariant perturbation formalism is
incomplete until such a 5D extension is performed. The metric-based approach does not have this drawback.
B. Metric-based perturbations
An alternative approach to brane-world cosmological perturbations is an extension of the 4D metric-based gauge-
invariant theory [111]. A review of this approach is given in [100]. In an arbitrary gauge, and for a flat FRW
background, the perturbed metric has the form
δ (5)gAB =


−2N2ψ A2(∂iB − Si) Nα
A2(∂jB − Sj) A2
{
2Rδij + 2∂i∂jC + 2∂(iFj) + fij
}
A2(∂iβ − χi)
Nα A2(∂jβ − χj) 2ν


, (6.26)
where the background metric functions A,N are given by Eqs. (5.4) and (5.5). The scalars ψ,R, C, α, β, ν represent
scalar perturbations. The vectors Si, Fi and χi are transverse, so that they represent 3D vector perturbations, and
the tensor fij is transverse traceless, representing 3D tensor perturbations.
In the Gaussian normal gauge, the brane coordinate-position remains fixed under perturbation,
(5)ds2 =
[
g(0)µν (x, y) + δgµν(x, y)
]
dxµdxν + dy2 , (6.27)
where g
(0)
µν is the background metric, Eq. (5.3). In this gauge,
α = β = ν = χi = 0 . (6.28)
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In the 5D longitudinal gauge,
−B + C˙ = 0 = −β + C′ . (6.29)
In this gauge, and for an AdS5 background, the metric perturbation quantities can all be expressed in terms of a
“master variable” Ω which obeys a wave equation [98]. In the case of scalar perturbations, we have for example,
R = 1
6A
(
Ω′′ − 1
N2
Ω¨− Λ5
3
Ω
)
, (6.30)
with similar expressions for the other quantities. All of the metric perturbation quantities are determined once a
solution is found for the wave equation(
1
NA3
Ω˙
)·
+
(
Λ5
6
+
k2
A2
)
N
A3
Ω =
(
N
A3
Ω′
)′
. (6.31)
The junction conditions Eq. (3.19) relate the off-brane derivatives of metric perturbations to the matter perturba-
tions:
∂y δgµν = −κ25
[
δTµν +
1
3
{
λ− T (0)
}
δgµν − 1
3
g(0)µν δT
]
, (6.32)
where
δT 00 = −δρ , δT 0i = a2qi , (6.33)
δT ij = δp δ
i
j + δπ
i
j . (6.34)
For scalar perturbations in the Gaussian normal gauge, this gives
∂yψ(x, 0) =
κ25
6
(2δρ+ 3δp) , (6.35)
∂yB(x, 0) = κ25δp , (6.36)
∂yC(x, 0) = −κ
2
5
2
δπ , (6.37)
∂yR(x, 0) = −κ
2
5
6
δρ− ∂i∂i C(x, 0) , (6.38)
where δπ is the scalar potential for the matter anisotropic stress,
δπij = ∂i∂jδπ − 1
3
δij ∂k∂
kδπ . (6.39)
The perturbed KK energy-momentum tensor on the brane is given by
δE00 = κ2δρE , δE0i = −κ2a2qEi , (6.40)
δE ij = −κ
2
3
δρE δ
i
j − δπEij . (6.41)
The evolution of the bulk metric perturbations is determined by the perturbed 5D field equations in the vacuum
bulk,
δ (5)GAB = 0 . (6.42)
Then the matter perturbations on the brane enter via the perturbed junction conditions, Eq. (6.32).
For example, for scalar perturbations in Gaussian normal gauge,
δ (5)Gyi = ∂i
{
−ψ′ +
(
A′
A
− N
′
N
)
ψ − 2R′
− A
2
2N2
[
B˙′ +
(
5
A˙
A
− N˙
N
)
B′
]}
. (6.43)
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For tensor perturbations (in any gauge), the only nonzero components of the perturbed Einstein tensor are
δ (5)Gij = −1
2
{
− 1
N2
f¨ ij + f
′′i
j − k
2
A2
f ij
+
1
N2
(
N˙
N
− 3 A˙
A
)
f˙ ij +
(
N ′
N
+ 3
A′
A
)
f ′ij
}
. (6.44)
In the following, I will discuss various perturbation problems, using either a 1+3-covariant or a metric-based
approach.
C. Density perturbations on large scales
In the covariant approach, we define matter density and expansion (velocity) perturbation scalars, as in 4D general
relativity,
∆ =
a2
ρ
~∇2ρ , Z = a2~∇2Θ . (6.45)
Then we can define dimensionless KK perturbation scalars [35],
U =
a2
ρ
~∇2ρE , Q = a
ρ
~∇2qE , Π = 1
ρ
~∇2πE , (6.46)
where the scalar potentials qE and πE are defined by Eqs. (6.10) and (6.11). The KK energy density (dark radiation)
produces a scalar fluctuation U which is present even if ρE = 0 in the background, and which leads to a non-adiabatic
(or isocurvature) mode, even when the matter perturbations are assumed adiabatic [82]. We define the total effective
dimensionless entropy Stot via
ptot Stot = a
2~∇2ptot − c2tota2~∇2ρtot , (6.47)
where c2tot = p˙tot/ρ˙tot is given in Eq. (3.60). Then
Stot =
9
[
c2s − 13 +
(
2
3 + w + c
2
s
)
ρ/λ
]
[3(1 + w)(1 + ρ/λ) + 4ρE/ρ][3w + 3(1 + 2w)ρ/2λ+ ρE/ρ]
[
4
3
ρE
ρ
∆− (1 + w)U
]
. (6.48)
If ρE = 0 in the background, then U is an isocurvature mode: Stot ∝ (1+w)U . This isocurvature mode is suppressed
during slow-roll inflation, when 1 + w ≈ 0.
If ρE 6= 0 in the background, then the weighted difference between U and ∆ determines the isocurvature mode:
Stot ∝ (4ρE/3ρ)∆− (1 + w)U . At very high energies, ρ≫ λ, the entropy is suppressed by the factor λ/ρ.
The density perturbation equations on the brane are derived by taking the spatial gradients of Eqs. (6.12), (6.14)
and (6.16), and using Eqs. (6.13) and (6.15). This leads to [82]
∆˙ = 3wH∆− (1 + w)Z , (6.49)
Z˙ = −2HZ −
(
c2s
1 + w
)
~∇2∆− κ2ρU − 1
2
κ2ρ
[
1 + (4 + 3w)
ρ
λ
−
(
4c2s
1 + w
)
ρE
ρ
]
∆ , (6.50)
U˙ = (3w − 1)HU +
(
4c2s
1 + w
)(
ρE
ρ
)
H∆−
(
4ρE
3ρ
)
Z − a~∇2Q , (6.51)
Q˙ = (3w − 1)HQ− 1
3a
U − 2
3
a~∇2Π+ 1
3µ
[(
4c2s
1 + w
)
ρE
ρ
− 3(1 + w)ρ
λ
]
∆ . (6.52)
The KK anisotropic stress term Π occurs only via its Laplacian, ~∇2Π. If we can neglect this term on large scales,
then the system of density perturbation equations closes on super-Hubble scales [35]. An equivalent statement applies
to the large-scale curvature perturbations [68]. KK effects then introduce two new isocurvature modes on large scales
(associated with U and Q), as well as modifying the evolution of the adiabatic modes [82, 101].
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FIG. 8: The evolution of the covariant variable Φ, defined in Eq. (6.55) (and not to be confused with the Bardeen potential),
along a fundamental world-line. This is a mode that is well beyond the Hubble horizon at N = 0, about 50 e-folds before
inflation ends, and remains super-Hubble through the radiation era. A smooth transition from inflation to radiation is modelled
by w = 1
3
[(2 − 3
2
ǫ) tanh(N − 50) − (1 − 3
2
ǫ)], where ǫ is a small positive parameter (chosen as ǫ = 0.1 in the plot). Labels on
the curves indicate the value of ρ0/λ, so that the general relativistic solution is the dashed curve (ρ0/λ = 0). (From [82].)
Thus on large scales the system of brane equations is closed, and we can determine the density perturbations
without solving for the bulk metric perturbations.
We can simplify the system as follows. The 3-Ricci tensor defined in Eq. (3.91) leads to a scalar covariant curvature
perturbation variable,
C ≡ a4~∇2R⊥ = −4a2HZ + 2κ2a2ρ
(
1 +
ρ
2λ
)
∆+ 2κ2a2ρU . (6.53)
It follows that C is locally conserved (along uµ flow lines):
C = C0 , C˙0 = 0 . (6.54)
We can further simplify the system of equations via the variable
Φ = κ2a2ρ∆ . (6.55)
This should not be confused with the Bardeen metric perturbation variable ΦH , although it is the covariant analogue
of ΦH in the general relativity limit. In the brane-world, high-energy and KK effects mean that ΦH is a complicated
generalization of this expression [101], involving Π, but the simple Φ above is still useful to simplify the system of
equations. Using these new variables, we find the closed system for large-scale perturbations:
Φ˙ = −H
[
1 + (1 + w)
κ2ρ
2H2
(
1 +
ρ
λ
)]
Φ−
[
(1 + w)
a2κ4ρ2
2H
]
U +
[
(1 + w)
κ2ρ
4H
]
C0 , (6.56)
U˙ = −H
[
1− 3w + 2κ
2ρE
3H2
]
U − 2ρE
3a2Hρ
[
1 +
ρ
λ
− 6c
2
sH
2
(1 + w)κ2ρ
]
Φ +
[
ρE
3a2Hρ
]
C0 . (6.57)
If there is no dark radiation in the background, ρE = 0, then
U = U0 exp−
∫
(1− 3w)dN , (6.58)
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and the above system reduces to a single equation for Φ. At low energies, and for constant w, the non-decaying
attractor is the general relativity solution,
Φlow ≈ 3(1 + w)
2(5 + 3w)
C0 . (6.59)
At very high energies, for w ≥ − 13 ,
Φhigh → 3
2
λ
ρ0
(1 + w)
[
C0
7 + 6w
− 2U˜0
5 + 6w
]
, (6.60)
where U˜0 = κ
2a20ρ0U0, so that the isocurvature mode has an influence on Φ. Initially, Φ is suppressed by the factor
λ/ρ0, but then it grows, eventually reaching the attractor value in Eq. (6.59). For slow-roll inflation, when 1+w ∼ ǫ,
with 0 < ǫ≪ 1 and H−1|ǫ˙| = |ǫ′| ≪ 1,
Φhigh ∼ 3
2
ǫ
λ
ρ0
C0e
3ǫN , (6.61)
where N = ln(a/a0), so that Φ has a growing-mode in the early universe. This is different from general relativity,
where Φ is constant during slow-roll inflation. Thus more amplification of Φ can be achieved than in general relativity,
as discussed above. This is illustrated for a toy model of inflation-to-radiation in Fig. 8. The early (growing) and late
time (constant) attractor solutions are seen explicitly in the plots.
0 1 2 3 4 5 6
0
0.5
1
1.5
2
2.5
3
3.5
x 10−6
N
w=1/3, λ= 10−4, α = 0.03
Φ
Φhigh energy
Φhigh energy, no dr
Philow energy
Philow energy no dr
FIG. 9: The evolution of Φ in the radiation era, with dark radiation present in the background. (From [112].)
The presence of dark radiation in the background introduces new features. In the radiation era (w = 13 ), the
non-decaying low-energy attractor becomes [112]
Φlow ≈ C0
3
(1− α) , (6.62)
α =
ρE
ρ
. 0.05 . (6.63)
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The dark radiation serves to reduce the final value of Φ, leaving an imprint on Φ, unlike the ρE = 0 case, Eq. (6.59).
In the very high energy limit,
Φhigh → λ
ρ0
[
2
9
C0 − 4
7
U˜0
]
+ 16α
(
λ
ρ0
)2 [
C0
273
− 4U˜0
539
]
. (6.64)
Thus Φ is initially suppressed, then begins to grow, as in the no-dark-radiation case, eventually reaching an attractor
which is less than the no-dark-radiation attractor. This is confirmed by the numerical integration shown in Fig. 9.
D. Curvature perturbations and the Sachs-Wolfe effect
The curvature perturbation R on uniform density surfaces is defined in Eq. (6.26). The associated gauge-invariant
quantity
ζ = R+ δρ
3(ρ+ p)
, (6.65)
may be defined for matter on the brane. Similarly, for the Weyl “fluid” if ρE 6= 0 in the background, the curvature
perturbation on hypersurfaces of uniform dark energy density is
ζE = R+ δρE
4ρE
. (6.66)
On large scales, the perturbed dark energy conservation equation is [68]
(δρE)
· + 4HδρE + 4ρER˙ = 0 , (6.67)
which leads to
ζ˙E = 0 . (6.68)
For adiabatic matter perturbations, by the perturbed matter energy conservation equation,
(δρ)· + 3H(δρ+ δp) + 3(ρ+ p)R˙ = 0 , (6.69)
we find
ζ˙ = 0 . (6.70)
This is independent of brane-world modifications to the field equations, since it depends on energy conservation only.
For the total, effective fluid, the curvature perturbation is defined as follows [68]: if ρE 6= 0 in the background,
ζtot = ζ +
[
4ρE
3(ρ+ p)(1 + ρ/λ) + 4ρE
]
(ζE − ζ) , (6.71)
and if ρE = 0 in the background,
ζtot = ζ +
δρE
3(ρ+ p)(1 + ρ/λ)
(6.72)
δρE =
δCE
a4
, (6.73)
where δCE is a constant. It follows that the curvature perturbations on large scales, like the density perturbations,
can be found on the brane without solving for the bulk metric perturbations.
Note that ζ˙ tot 6= 0 even for adiabatic matter perturbations; for example, if ρE = 0 in the background,
ζ˙ tot = H
(
c2tot −
1
3
)
δρE
(ρ+ p)(1 + ρ/λ)
. (6.74)
The KK effects on the brane contribute a non-adiabatic mode, although ζ˙ tot → 0 at low energies.
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Although the density and curvature perturbations can be found on super-Hubble scales, the Sachs-Wolfe effect
requires πEµν in order to translate from density/ curvature to metric perturbations. In the 4D longitudinal gauge of
the metric perturbation formalism, the gauge-invariant curvature and metric perturbations on large scales are related
by
ζtot = R− H
H˙
(
R˙
H
− ψ
)
, (6.75)
R+ ψ = −κ2a2δπE , (6.76)
where the radiation anisotropic stress on large scales is neglected, as in general relativity, and δπE is the scalar
potential for πEµν , equivalent to the covariant quantity Π defined in Eq. (6.46). In 4D general relativity, the right hand
side of Eq. (6.76) is zero. The (non-integrated) Sachs-Wolfe formula has the same form as in general relativity:
δT
T
∣∣∣
now
= (ζrad + ψ −R)|dec . (6.77)
The brane-world corrections to the general relativistic Sachs-Wolfe effect are then given by [68]
δT
T
=
(
δT
T
)
gr
− 8
3
(
ρrad
ρcdm
)
SE − κ2a2δπE + 2κ
2
a5/2
∫
da a7/2 δπE , (6.78)
where SE is the KK entropy perturbation (determined by δρE). The KK term δπE cannot be determined by the 4D
brane equations, so that δT/T cannot be evaluated on large scales without solving the 5D equations. [Equation (6.78)
has been generalized to a 2-brane model, in which the radion makes a contribution to the Sachs-Wolfe effect [113].]
The presence of the KK (Weyl, dark) component has essentially two possible effects.
• A contribution from the KK entropy perturbation SE that is similar to an extra isocurvature contribution.
• The KK anisotropic stress δπE also contributes to the CMB anisotropies. In the absence of anisotropic stresses,
the curvature perturbation ζtot would be sufficient to determine the metric perturbation R and hence the large-
angle CMB anisotropies, via Eqs. (6.75), (6.76) and (6.77). However bulk gravitons generate anisotropic stresses
which, although they do not affect the large-scale curvature perturbation ζtot, can affect the relation between
ζtot, R and ψ, and hence can affect the CMB anisotropies at large angles.
A simple phenomenological approximation to δπE on large scales is discussed in [69] and the Sachs-Wolfe effect is
estimated as
δT
T
∼
(
δπE
ρ
)
in
(
teq
tdec
)2/3 [
ln(tin/t4)
ln(teq/t4)
]
, (6.79)
where t4 is the 4D Planck time and tin is the time when the KK anisotropic stress is induced on the brane, which is
expected to be of the order of the 5D Planck time.
A self-consistent approximation is developed in [104], using the low-energy 2-brane approximation [103] to find an
effective 4D form for Eµν and hence for δπE . This is discussed below.
E. Vector perturbations
The vorticity propagation equation on the brane is the same as in general relativity,
ω˙µ + 2Hωµ = −1
2
curlAµ . (6.80)
Taking the curl of the conservation equation (3.63) (for the case of a perfect fluid, qµ = 0 = πµν), and using the
identity in Eq. (6.8), one obtains
curlAµ = −6Hc2sωµ , (6.81)
as in general relativity, so that Eq. (6.80) becomes
ω˙µ +
(
2− 3c2s
)
Hωµ = 0 , (6.82)
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which expresses the conservation of angular momentum. In general relativity, vector perturbations vanish when the
vorticity is zero. By contrast, in brane-world cosmology, bulk KK effects can source vector perturbations even in the
absence of vorticity [14]. This can be seen via the divergence equation for the magnetic part Hµν of the 4D Weyl
tensor on the brane:
~∇2H¯µ = 2κ2(ρ+ p)
[
1 +
ρ
λ
]
ωµ +
4
3
κ2ρEωµ − 1
2
κ2curl q¯Eµ , (6.83)
where Hµν = ~∇〈µH¯ν〉. Even when ωµ = 0, there is a source for gravimagnetic terms on the brane from the KK
quantity curl q¯Eµ.
We define covariant dimensionless vector perturbation quantities for the vorticity and the KK gravi-vector term:
α¯µ = aωµ , β¯µ =
a
ρ
curl q¯Eµ . (6.84)
On large scales, we can find a closed system for these vector perturbations on the brane [14]:
˙¯αµ +
(
1− 3c2s
)
Hα¯µ = 0 , (6.85)
˙¯βµ + (1 − 3w)Hβ¯µ = 2
3
H
[
4
(
3c2s − 1
) ρE
ρ
− 9(1 + w)2 ρ
λ
]
α¯µ . (6.86)
Thus we can solve for α¯µ and β¯µ on super-Hubble scales, as for density perturbations. Vorticity in the brane matter
is a source for the KK vector perturbation β¯µ on large scales. Vorticity decays unless the matter is ultra-relativistic or
stiffer (w ≥ 13 ), and this source term typically provides a decaying mode. There is another pure KK mode, independent
of vorticity, but this mode decays like vorticity. For w ≡ p/ρ =const, the solutions are
α¯µ = bµ
(
a
a0
)3w−1
, (6.87)
β¯µ = cµ
(
a
a0
)3w−1
+ bµ
[
8ρE 0
3ρ0
(
a
a0
)2(3w−1)
+ 2(1 + w)
ρ0
λ
(
a
a0
)−4 ]
, (6.88)
where b˙µ = 0 = c˙µ.
Inflation will redshift away the vorticity and the KK mode. Indeed, the massive KK vector modes are not excited
during slow-roll inflation [100].
F. Tensor perturbations
The covariant description of tensor modes on the brane is via the shear, which satisfies the wave equation [14]
~∇2σ¯µν − ¨¯σµν − 5H ˙¯σµν −
[
2Λ +
1
2
κ2
{
ρ− 3p− (ρ+ 3p)ρ
λ
}]
σ¯µν
= −κ2 ( ˙¯πEµν + 2Hπ¯Eµν) . (6.89)
Unlike the density and vector perturbations, there is no closed system on the brane for large scales. The KK anisotropic
stress π¯Eµν is an unavoidable source for tensor modes on the brane. Thus it is necessary to use the 5D metric-based
formalism. This is the subject of the next section.
VII. GRAVITATIONAL WAVE PERTURBATIONS IN BRANE-WORLD COSMOLOGY
The tensor perturbations are given by Eq. (6.26), i.e. (for a flat background brane),
(5)ds2 = −N2(t, y)dt2 +A2(t, y) [δij + fij ] dxidxj + dy2 . (7.1)
The transverse traceless fij satisfies Eq. (6.44), which implies, on splitting fij into Fourier modes with amplitude
f(t, y),
1
N2
[
f¨ +
(
3
A˙
A
− N˙
N
)
f˙
]
+
k2
A2
f = f ′′ +
(
3
A′
A
+
N ′
N
)
f ′ . (7.2)
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By the transverse traceless part of Eq. (6.32), the boundary condition is
f ′ij
∣∣
brane
= π¯ij , (7.3)
where π¯ij is the tensor part of the anisotropic stress of matter-radiation on the brane.
The wave equation (7.2) cannot be solved analytically except if the background metric functions are separable, and
this only happens for maximally symmetric branes, i.e. branes with constant Hubble rate H0. This includes the RS
case H0 = 0, already treated in Sec. II. The cosmologically relevant case is the de Sitter brane, H0 > 0. We can
calculate the spectrum of gravitational waves generated during brane inflation [83, 86, 91, 114], if we approximate
slow-roll inflation by a succession of de Sitter phases. The metric for a de Sitter brane, dS4, in AdS5 is given by
Eqs. (5.3)–(5.5) with
N(t, y) = n(y) , A(t, y) = a(t)n(y) , (7.4)
n(y) = coshµy −
(
1 +
ρ0
λ
)
sinhµ|y| , (7.5)
a(t) = a0 expH0(t− t0) , H20 =
κ2
3
ρ0
(
1 +
ρ0
2λ
)
, (7.6)
where µ = ℓ−1.
FIG. 10: Graviton “volcano” potential around the dS4 brane, showing the mass gap (from [16]).
The linearized wave equation (7.2) is separable. As before, we separate the amplitude as f =
∑
ϕm(t)fm(y) where
m is the 4D mass, and this leads to:
ϕ¨m + 3H0ϕ˙m +
[
m2 +
k2
a2
]
ϕm = 0 , (7.7)
f ′′m + 4
n′
n
f ′m +
m2
n2
fm = 0 . (7.8)
The general solutions for m > 0 are
ϕm(t) = exp
(
−3
2
H0t
)
Bν
(
k
H0
e−H0t
)
, (7.9)
fm(y) = n(y)
−3/2Lν3/2
(√
1 +
µ2
H20
n(y)2
)
, (7.10)
where Bν is a linear combination of Bessel functions, L
ν
3/2 is a linear combination of associated Legendre functions,
and
ν = i
√
m2
H20
− 9
4
. (7.11)
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It is more useful to reformulate Eq. (7.8) as a Schro¨dinger-type equation,
d2Ψm
dz2
− V (z)Ψm = −m2Ψm , (7.12)
using the conformal coordinate
z = zb +
∫ y
0
dy˜
n(y˜)
, zb =
1
H0
sinh−1
(
H0
µ
)
, (7.13)
and defining Ψm ≡ n3/2fm. The potential is given by (see Fig. 10)
V (z) =
15H20
4 sinh2(H0z)
+
9
4
H20 − 3µ
[
1 +
ρ0
λ
]
δ(z − zb) , (7.14)
where the last term incorporates the boundary condition at the brane. The “volcano” shape of the potential shows
how the 5D graviton is localized at the brane at low energies. (Note that localization fails for an AdS4 brane [115].)
The non-zero value of the Hubble parameter implies the existence of a mass gap [26],
∆m =
3
2
H0 , (7.15)
between the zero mode and the continuum of massive KK modes. This result has been generalized: for dS4 brane(s)
with bulk scalar field, a universal lower bound on the mass gap of the KK tower is [83]
∆m ≥
√
3
2
H0 . (7.16)
The massive modes decay during inflation, according to Eq. (7.9), leaving only the zero mode, which is effectively a
4D gravitational wave. The zero mode, satisfying the boundary condition,
f ′0(x, 0) = 0 , (7.17)
is given by
f0 =
√
µ F (H0/µ) , (7.18)
where the normalization condition
2
∫ ∞
zb
|Ψ20|dz = 1 , (7.19)
implies that the function F is given by [86]
F (x) =
{√
1 + x2 − x2 ln
[
1
x
+
√
1 +
1
x2
]}−1/2
. (7.20)
At low energies (H0 ≪ µ), we recover the general relativity amplitude: F → 1. At high energies, the amplitude is
considerably enhanced:
H0 ≫ µ ⇒ F ≈
√
3H0
2µ
. (7.21)
The factor F determines the modification of the gravitational wave amplitude relative to the standard 4D result:
A2t =
[
8
M2p
(
H0
2π
)2]
F 2(H0/µ). (7.22)
The modifying factor F can also be interpreted as change in the effective Planck mass [83].
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FIG. 11: Damping of brane-world gravity waves on horizon re-entry due to massive mode generation. The solid curve is the
numerical solution, the short-dashed curve the low-energy approximation, and the long-dashed curve the standard general
relativity solution. ǫE = ρ0/λ and γ is a parameter giving the location of the regulator brane. (From [106].)
This enhanced zero mode produced by brane inflation remains frozen outside the Hubble radius, as in general
relativity, but when it re-enters the Hubble radius during radiation or matter domination, it will no longer be separated
from the massive modes, since H will not be constant. Instead, massive modes will be excited during re-entry. In
other words, energy will be lost from the zero mode as 5D gravitons are emitted into the bulk, i.e., as massive modes
are produced on the brane. A phenomenological model of the damping of the zero mode due to 5D graviton emission
is given in [102]. Self-consistent low-energy approximations to compute this effect are developed in [106, 107].
At zero order, the low-energy approximation is based on the following [108]. In the radiation era, at low energy,
the background metric functions obey
A(t, y)→ a(t)e−µy , N(t, y)→ e−µy . (7.23)
To lowest order, the wave equation therefore separates, and the mode functions can be found analytically [108]. The
massive modes in the bulk, fm(y), are the same as for a Minkowski brane. On large scales, or at late times, the mode
functions on the brane are given in conformal time by
ϕ(0)m (η) = η
−1/2B1/4
(
ma2h µ√
2
η2
)
, (7.24)
where ah marks the start of the low-energy regime (ρh = λ) and Bν denotes a linear combination of Bessel functions.
The massive modes decay on super-Hubble scales, unlike the zero-mode. Expanding the wave equation in ρ0/λ, one
arrives at the first order, where mode-mixing arises. The massive modes ϕ
(1)
m (η) on sub-Hubble scales are sourced by
the initial zero mode that is re-entering the Hubble radius [107]:(
∂2
∂η2
− ∂
2
ηa
a
)
aϕ(1)m + k
2aϕ(1)m +m
2a3ϕ(1)m = −4
ρ0
λ
Im0k
2aϕ
(0)
0 , (7.25)
where Im0 is a transfer matrix coefficient. The numerical integration of the equations [106] confirms the effect of
massive mode generation and consequent damping of the zero-mode, as shown in Fig. 11.
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VIII. CMB ANISOTROPIES IN BRANE-WORLD COSMOLOGY
For the CMB anisotropies, one needs to consider a multi-component source. Linearizing the general nonlinear
expressions for the total effective energy-momentum tensor, we obtain
ρtot = ρ
(
1 +
ρ
2λ
+
ρE
ρ
)
, (8.1)
ptot = p+
ρ
2λ
(2p+ ρ) +
ρE
3
, (8.2)
qtotµ = qµ
(
1 +
ρ
λ
)
+ qEµ , (8.3)
πtotµν = πµν
(
1− ρ+ 3p
2λ
)
+ πEµν , (8.4)
where
ρ =
∑
i
ρ(i) , p =
∑
i
p(i) , qµ =
∑
i
q(i)µ , (8.5)
are the total matter-radiation density, pressure and momentum density, and πµν is the photon anisotropic stress
(neglecting that of neutrinos, baryons and CDM).
The perturbation equations in the previous section form the basis for an analysis of scalar and tensor CMB
anisotropies in the brane-world. The full system of equations on the brane, including the Boltzmann equation for
photons, has been given for scalar [101] and tensor [102] perturbations. But the systems are not closed, as discussed
above, because of the presence of the KK anisotropic stress πEµν , which acts a source term.
In the tight-coupling radiation era, the scalar perturbation equations may be decoupled to give an equation for the
gravitational potential Φ, defined by the electric part of the brane Weyl tensor (not to be confused with Eµν):
Eµν = ~∇〈µ ~∇ν〉Φ . (8.6)
In general relativity, the equation in Φ has no source term, but in the brane-world there is a source term made up of
πEµν and its time-derivatives. At low energies (ρ≪ λ), and for a flat background (K = 0), the equation is [101]
3xΦ′′k + 12Φ
′
k + xΦk
=
const
λ
[
πE ′′k −
1
x
πE ′k +
(
2
x3
− 3
x2
+
1
x
)
πEk
]
, (8.7)
where x = k/(aH), a prime denotes d/dx, and Φk, π
E
k are the Fourier modes of Φ and π
E
µν . In general relativity the
right hand side is zero, so that the equation may be solved for Φk, and then for the remaining perturbative variables,
which gives the basis for initializing CMB numerical integrations. At high energies, earlier in the radiation era, the
decoupled equation is fourth order [101]:
729x2Φ′′′′k + 3888xΦ
′′′
k + (1782 + 54x
2)Φ′′k + 144xΦ
′
k + (90 + x
2)Φk
= const
[
243
(
πEk
ρ
)′′′′
− 810
x
(
πEk
ρ
)′′′
+
18(135 + 2x2)
x2
(
πEk
ρ
)′′
−30(162 + x
2)
x3
(
πEk
ρ
)′
+
x4 + 30(162 + x2)
x4
(
πEk
ρ
)]
. (8.8)
The formalism and machinery are ready to compute the temperature and polarization anisotropies in brane-world
cosmology, once a solution, or at least an approximation, is given for πEµν . The resulting power spectra will reveal
the nature of the brane-world imprint on CMB anisotropies, and would in principle provide a means of constraining
or possibly falsifying the brane-world models. Once this is achieved, the implications for the fundamental underlying
theory, i.e. M theory, would need to be explored.
However, the first step required is the solution for πEµν . This solution will be of the form given in Eq. (6.2). Once
G and Fk are determined or estimated, the numerical integration in Eq. (6.2) can in principle be incorporated into a
modified version of a CMB numerical code. The full solution in this form represents a formidable problem, and one
is led to look for approximations.
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A. The low-energy approximation
The basic idea of the low-energy approximation [103] is to use a gradient expansion to exploit the fact that, during
most of the history of the universe, the curvature scale on the observable brane is much greater than the curvature
scale of the bulk (ℓ < 1 mm):
L ∼ |Rµναβ |−1/2 ≫ ℓ ∼ | (5)RABCD|−1/2
⇒ |∇µ| ∼ L−1 ≪ |∂y| ∼ ℓ−1 . (8.9)
These conditions are equivalent to the low energy regime, since ℓ2 ∝ λ−1 and |Rµναβ | ∼ |Tµν |:
ℓ2
L2
∼ ρ
λ
≪ 1 . (8.10)
Using Eq. (8.9) to neglect appropriate gradient terms in an expansion in ℓ2/L2, the low-energy equations can be
solved. However, two boundary conditions are needed to determine all functions of integration. This is achieved by
introducing a second brane, as in the RS 2-brane scenario. This brane is to be thought of either as a regulator brane,
whose backreaction on the observable brane is neglected (which will only be true for a limited time), or as a shadow
brane with physical fields, which have a gravitational effect on the observable brane.
The background is given by low-energy FRW branes with tensions ±λ, proper times t±, scale factors a±, energy
densities ρ± and pressures p±, and dark radiation densities ρE ±. The physical distance between the branes is ℓd¯(t),
and
d
dt−
= ed¯
d
dt+
, a− = a+e
−d¯ , H− = e
d¯
(
H+ − ˙¯d
)
, ρE − = e
4d¯ρE + . (8.11)
Then the background dynamics is given by (see [116] for the general background, including the high-energy regime):
H2± = ±
κ2
3
(ρ± ± ρE ±) , (8.12)
¨¯d+ 3H+
˙¯d− ˙¯d2 = κ
2
6
[
ρ+ − 3p+ + e2d¯(ρ− − 3p−)
]
. (8.13)
The dark energy obeys ρE + = C/a
4
+, where C is a constant. From now on, we drop the +-subscripts which refer to
the physical, observed quantities.
The perturbed metric on the observable (positive tension) brane is described, in longitudinal gauge, by the metric
perturbations ψ and R, and the perturbed radion is d = d¯ + N . The approximation for the KK (Weyl) energy-
momentum tensor on the observable brane is
Eµν = 2
e2d − 1
[
−κ
2
2
(
T µν + e
−2dT µ− ν
)
−∇µ∇νd+ δµν∇2d−
{
∇µd∇νd+ 1
2
δµν (∇d)2
}]
, (8.14)
and the field equations on the observable brane can be written in scalar-tensor form as
Gµν =
κ2
χ
T µν +
κ2(1 − χ)2
χ
T µ− ν
+
1
χ
(∇µ∇νχ− δµν∇2χ)+ ω(χ)χ2
[
∇µχ∇νχ− 1
2
δµν (∇χ)2
]
, (8.15)
where
χ = 1− e−2d , ω(χ) = 3
2
χ
1− χ . (8.16)
The perturbation equations can then be derived as generalizations of the standard equations. For example, the
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δG00 equation is [117]
H2ψ − HR˙ − 1
3
k2
a2
R
= −1
6
κ2
e2d¯
e2d¯ − 1
(
δρ+ e−4d¯δρ−
)
+
2
3
κ2
e2d¯
e2d¯ − 1ρE N
− 1
e2d¯ − 1
[(
˙¯d−H
)
N˙ +
(
˙¯d−H
)2
N − ˙¯d2ψ + 2H ˙¯dψ − ˙¯dR˙ − 1
3
k2
a2
N
]
. (8.17)
The trace part of the perturbed field equation shows that the radion perturbation determines the crucial quantity,
δπE :
R+ ψ = − 2
e2d¯ − 1N = −κ
2a2δπE , (8.18)
where the last equality follows from Eq. (6.76). The radion perturbation itself satisfies the wave equation
N¨ +
(
3H − 2 ˙¯d
)
N˙ −
(
2H˙ + 4H2 + 2 ˙¯d2 − 6H ˙¯d− 2 ¨¯d
)
N +
k2
a2
N
− ˙¯dψ˙ + 3 ˙¯dR˙+
(
−2 ¨¯d− 6H ˙¯d+ 2 ˙¯d2
)
ψ
=
κ2
6
[
δρ− 3δp+ e−2d¯(δρ− − 3δp−)
]
. (8.19)
A new set of variables ϕ±, E turns out be very useful [104, 113]:
R = −ϕ+ − a
2
k2
HE˙ +
1
3
E ,
ψ = −ϕ+ − a
2
k2
(E¨ + 2HE˙) ,
N = ϕ− − ϕ+ − a
2
k2
˙¯dE˙ . (8.20)
Equation (8.18) gives
E¨ +
(
3H +
2 ˙¯d
e2d¯ − 1
)
E˙ − 1
3
k2
a2
E = − 2e
2d¯
e2d¯ − 1
k2
a2
(
ϕ+ − e−2d¯ϕ−
)
. (8.21)
The variable E determines the metric shear in the bulk, whereas ϕ± give the brane displacements, in transverse
traceless gauge. The latter variables have a simple relation to the curvature perturbations on large scales [104, 113]
(restoring the +-subscripts):
ζtot± = −ϕ± +
H2±
H˙±
(
ϕ˙±
H±
+ ϕ±
)
, (8.22)
where f˙± ≡ df±/dt±.
B. The simplest model
The simplest model is the one in which
ρE = 0 =
˙¯d (8.23)
in the background, with p−/ρ− = p/ρ. The regulator brane is assumed to be far enough away that its effects on the
physical brane can be neglected over the timescales of interest. By Eq. (8.13), it follows that
ρ− = −ρe2d¯ , (8.24)
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i.e., the matter on the regulator brane must have fine-tuned and negative energy density to prevent the regulator brane
from moving in the background. With these assumptions, and further assuming adiabatic perturbations for the matter,
there is only one independent brane-world parameter, i.e., the parameter measuring dark radiation fluctuations:
δC∗ =
δρE
ρrad
. (8.25)
FIG. 12: The CMB power spectrum with brane-world effects, encoded in the dark radiation fluctuation parameter δC∗ as a
proportion of the large-scale curvature perturbation for matter (denoted ζ∗ in the plot). (From [104].)
This assumption has a remarkable consequence on large scales: the Weyl anisotropic stress δπE terms in the Sachs-
Wolfe formula Eq. (6.78) cancel the entropy perturbation from dark radiation fluctuations, so that there is no difference
on the largest scales from the standard general relativity power spectrum. On small scales, beyond the first acoustic
peak, the brane-world corrections are negligible. On scales up to the first acoustic peak, brane-world effects can be
significant, changing the height and the location of the first peak. These features are apparent in Fig. 12. However, it
is not clear to what extent these features are general brane-world features (within the low-energy approximation), and
to what extent they are consequences of the simple assumptions imposed on the background. Further work remains
to be done.
A related low-energy approximation, using the moduli space approximation, has been developed for certain 2-brane
models with bulk scalar field [105]. The effective gravitational action on the physical brane, in the Einstein frame, is
Seff =
1
2κ2
∫
d4x
√−g
[
R− 12α
2
1 + 2α2
(∂φ)2 − 6
1 + 2α2
(∂χ)2 − V (φ, χ)
]
, (8.26)
where α is a coupling constant, and φ and χ are moduli fields (determined by the zero-mode of the bulk scalar field
and the radion). Figure 13 shows how the CMB anisotropies are affected by the χ-field.
IX. CONCLUSION
Simple brane-world models of RS type provide a rich phenomenology for exploring some of the ideas that are
emerging from M theory. The higher-dimensional degrees of freedom for the gravitational field, and the confinement
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FIG. 13: The CMB power spectrum with brane-world moduli effects from the field χ in Eq. (8.26). The curves are labelled
with the initial value of χ. (From [105].)
of standard model fields to the visible brane, lead to a complex but fascinating interplay between gravity, particle
physics and geometry, that enlarges and enriches general relativity in the direction of a quantum gravity theory.
This review has attempted to show some of the key features of brane-world gravity from the perspective of astro-
physics and cosmology, emphasizing a geometric approach to dynamics and perturbations. It has focused on 1-brane
RS-type brane-worlds which have some attractive features:
• they provide a simple 5D phenomenological realization of the Horava-Witten supergravity solutions in the limit
where the hidden brane is removed to infinity and the moduli effects from the 6 further compact extra dimensions
may be neglected;
• they develop a new geometrical form of dimensional reduction based on a strongly curved (rather than flat)
extra dimension;
• they provide a realization to lowest order of the AdS/CFT correspondence;
• they incorporate the self-gravity of the brane (via the brane tension);
• they lead to cosmological models whose background dynamics are completely understood and reproduce general
relativity results with suitable restrictions on parameters.
The review has highlighted both the successes and the remaining open problems of the RS models and their
generalizations. The open problems stem from a common basic difficulty, i.e., understanding and solving for the
gravitational interaction between the bulk and the brane (which is nonlocal from the brane viewpoint). The key open
problems of relevance to astrophysics and cosmology are:
• to find the simplest realistic solution (or approximation to it) for an astrophysical black hole on the brane, and
settle the questions about its staticity, Hawking radiation and horizon;
• to develop realistic approximation schemes (building on recent work [103, 104, 105, 106, 107]) and manageable
numerical codes (building on [104, 105, 106, 107]) to solve for the cosmological perturbations on all scales, com-
pute the CMB anisotropies and large-scale structure, and impose observational constraints from high-precision
data.
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The RS-type models are the simplest brane-worlds with curved extra dimension that allow for a meaningful approach
to astrophysics and cosmology. One also needs to consider generalizations that attempt to make these models more
realistic, or that explore other aspects of higher-dimensional gravity which are not probed by these simple models.
Two important types of generalization are the following.
• The inclusion of dynamical interaction between the brane(s) and a bulk scalar field, so that the
action is
S =
1
2κ25
∫
d5x
√
−(5)g
[
(5)R− κ25∂AΦ∂AΦ− 2Λ5(Φ)
]
+
∫
brane(s)
d4x
√−g
[
−λ(Φ) + K
κ25
+ Lmatter
]
. (9.1)
(See [29, 40, 71].)
The scalar field could represent a bulk dilaton of the gravitational sector, or a modulus field encoding the
dynamical influence on the effective 5D theory of an extra dimension other than the large fifth dimension [75,
105, 118]. For two-brane models, the brane separation introduces a new scalar degree of freedom, the radion.
For general potentials of the scalar field which provide radion stabilization, 4D Einstein gravity is recovered
at low energies on either brane [22]. (By contrast, in the absence of a bulk scalar, low energy gravity is of
Brans-Dicke type [20].)
In particular, such models will allow some fundamental problems to be addressed:
– the hierarchy problem of particle physics;
– an extra-dimensional mechanism for initiating inflation (or the hot radiation era with super-Hubble corre-
lations) via brane interaction (building on the initial work in [72, 73, 74, 75]);
– an extra-dimensional explanation for the dark energy (and possibly also dark matter) puzzles: could dark
energy or late-time acceleration of the universe be a result of gravitational effects on the visible brane of
the shadow brane, mediated by the bulk scalar field?
• The addition of stringy and quantum corrections to the Einstein-Hilbert action, including:
– Higher-order curvature invariants, which arise in the AdS/CFT correspondence as next-to-leading order
corrections in the CFT. The Gauss-Bonnet combination in particular has unique properties in 5D, giving
field equations which are second-order in the bulk metric (and linear in the second derivatives), and being
ghost-free. The action is
S =
1
2κ25
∫
d5x
√
−(5)g
[
(5)R− 2Λ5 + α
{
(5)R2 − 4(5)RAB(5)RAB + (5)RABCD(5)RABCD
}]
+
∫
brane
d4x
√−g
[
−λ+ K
κ25
+ Lmatter
]
, (9.2)
where α is the Gauss-Bonnet coupling constant, related to the string scale. The cosmological dynamics of
these brane-worlds is investigated in [119]. In [50] it is shown that the black string solution of the form of
Eq. (4.2) is ruled out by the Gauss-Bonnet term. In this sense, the Gauss-Bonnet correction removes an
unstable and singular solution.
In the early universe, the Gauss-Bonnet corrections to the Friedmann equation have the dominant form
H2 ∝ ρ2/3 , (9.3)
at the highest energies. If the Gauss-Bonnet term is a small correction to the Einstein-Hilbert term, as
may be expected if it is the first of a series of higher-order corrections, then there will be a regime of
RS-dominance as the energy drops, when H2 ∝ ρ2. Finally at energies well below the brane tension, the
general relativity behaviour is recovered.
– Quantum field theory corrections arising from the coupling between brane matter and bulk gravitons,
leading to an induced 4D Ricci term in the brane action. The original induced gravity brane-world [120]
was put forward as an alternative to the RS mechanism: the bulk is flat Minkowski 5D spacetime (and
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as a consequence there is no normalizable zero-mode of the bulk graviton), and there is no brane tension.
Another viewpoint is to see the induced-gravity term in the action as a correction to the RS action:
S =
1
2κ25
∫
d5x
√
−(5)g
[
(5)R− 2Λ5
]
+
∫
brane
d4x
√−g
[
βR− λ+ K
κ25
+ Lmatter
]
, (9.4)
where β is a positive coupling constant. Unlike the other brane-worlds discussed, these models lead to 5D
behaviour on large scales rather than small scales. The cosmological models have been analyzed in [121].
(Brane-world black holes with induced gravity are investigated in [122].)
The late-universe 5D behaviour of gravity can naturally produce a late-time acceleration, even without dark
energy, although the fine-tuning problem is not evaded.
The effect of the induced-gravity correction at early times is to restore the standard behaviour H2 ∝ ρ to
lowest order at the highest energies. As the energy drops, but is still above the brane tension, there is an
RS regime, H2 ∝ ρ2. In the late universe at low energies, instead of recovering general relativity, there are
strong deviations from general relativity, and late-time acceleration from 5D gravity effects (rather than
negative pressure energy) is typical.
Thus we have a striking result that both forms of correction to the gravitational action, i.e., Gauss-Bonnet
and induced gravity, suppress the Randall-Sundrum type high-energy modifications to the Friedmann
equation when the energy reaches a critical level. (Cosmologies with both induced-gravity and Gauss-
Bonnet corrections to the RS action are considered in [123].)
In summary, brane-world gravity opens up exciting prospects for subjecting M theory ideas to the increasingly
stringent tests provided by high-precision astronomical observations. At the same time, brane-world models provide
a rich arena for probing the geometry and dynamics of the gravitational field and its interaction with matter.
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